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We never know how high we are
Tull we are called to rise;

And then, if we are true to plan,
Our statures touch the skies

The Heroism we recite

Would be a daily thing,

Did not ourselves the Cubits warp

For fear to be a King
EMILY DICKINSON (1830 — 1886)
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CHUGONG 1

MG DAU

1.1. Dong luc nghién ctu

Trong nhicu van dé thyc hanh, ching ta thuong gap cidc ham ma cic gia tri
ctia n6 duge biét tai mot so diém nao thong qua cac thuc nghiem. Dé phuc vu
cho mot s6 bai toan nhat dinh, nhu cau tinh toan tich phan, dao ham, hay xap
xi gia tri ctia ham tai diém ma ta chua biét gia tri tai do 1a can thiét. Do do,
nghién citu phuong phap xap xi ham bang mot ham da biét ma gia tri tai cac

diém da cho tring vé6i dit lieu thuc nghiém 1a diéu can thiét.

1.2. Muc tiéu va dbi tugng nghién ctiu cta tiéu luan

Dua trén bai toan ban dau - xap xi ham f(z) bang mot ham F(z), trung véi
f(x) tai cac diém nao d6. Ham F(z) duge xem la noi suy (interpolate) f(z) tai
cac diém nay. Qué trinh xay dung ham F(z) néi trén duge goi 1a phép noi suy
(interpolation). Ty vao ban chat cta dit lieu, loai ham xap xi dugc lya chon
sao cho phit hop nhat c6 thé, nhung don gidn nhat 1a da thic béi vi moi ham
lien tuc trén mot khodng hiu han déu co thé zap xi tot bang mot da thiic. Mot
diéu thi vi, do cac da thiic va ti s6 clia ching 14 ham duy nhat, c6 thé tinh toan
duge thong qua may tinh. Do d6, da thic duge dung khong chi trong noi suy
ma con lam co s6 cho hau hét phuong phap trong Giai tich s6.

Trong nhiéu ting dung, mot van dé quan trong la xap xi dao ham clia mot
ham khi biét trude chi mot s6 gia tri ctia ham. Mot phuong phép tiép can 16
rang cho van dé nay la thiét lap dao ham ctia mot da thic xap xi nhu mot xap

xi k¥ vong dén dao ham ctia ham. Diéu nay hoan toan cé thé thuc hien dugc



cho cac dao ham cap cao, nhung nhin mot cach that tong quat, sy xap xi phai

té di bdi vi bac cia dao ham tang.

1.3. Y nghia nghién citu va thuc tién dng dung
1.4. CAu trac cta tiéu luan

Trong tiéu luan nay, ching t6i tap trung lam ré van dé dao ham s6 ma trong
tiép can xap xi bang mot da thic noi suy 1a doi tuong dude quan tam chinh.

CAu trac ctia tiéu luan duge trinh bay nhu sau:

e Chuong 1: Trinh bay dong luc nghién cttu, muc tieu, doéi tuong nghién citu

chinh, ¥ nghia nghién ctu va thuyc tién tng dung ciia deé tai.
e Chuong 2: Trinh bay kién thiic nén tang ctia dé tai.

e Chuong 3: Trinh bay chi tiét vé van dé quan tam - dao ham s6 va phuong
phap.
e Chuong 4: Trinh bay phuong phap lap trinh bai toan dao ham s6 bang

Matlab.

e Chuong 5: Trinh bay cac két luan vé dé tai va dinh hudéng véi cac cau héi

mo cho nghién citu tuong lai.



CHUGNG 2

KIEN THUC NEN TANG

2.1. Da thidc noi suy

Da thitc noi suy (interpolation polynomial) 1a mot da thiic xap xi ma bang
v6i ham ma né xap xi tai mot s6 diém cu thé. Mot cach cu thé, cho trude n+ 1
diém phan biét 2;,i = 0,...,n, va cac gia tri ham f(z;) tuong ting, da thic noi

suy v6i bac téi da n cuc tiéu chuan:

|f (i) — Pa(xi)] (2.1)

1=0

|f(2) = Pu(@)](sn)
Ngudi ta chi ra rang mot da thitc ton tai va duy nhat; that vay, gia tri nho nhat
ctia chuan dé cap phia trén 14 0. C6 hai céch chi ra nhan dinh nay 13 dung:
e Giai hé phuong trinh tuyén tinh,
e Sit dung dang Lagrange cta da thiic.

Xem xét mot da thitc c¢6 dang:
Qn(z) = aa®, Qu(wi) = f(x:) (2.2)

Bing cach xem xét cac hé sb a;, 1a an s6, ta c6 mot hé n+ 1 phuong trinh tuyén
tinh
A=Qn(z;) =ap+ax1+ - +apxl = f(x;),i=0,1,...,n. (2.3)

Néu hé s6 ctia ma tran la khong suy bién, thi hé c6 nghiém duy nhat. Xem xét



dinh thitc Vandermonde ctia ma tran nay

n

1 n
Det(A) = | [(zi — 2;) = [ I] - xj] (2.4)

1>] Jj=0 Li=j+1

Do {z;} la cac diém phan biét, nén dinh thic trén khong suy bién, va do d6 hé
phuong trinh tuyén tinh c¢6 nghiem duy nhat dé xac dinh da thtc noi suy.
Bén canh cach vita dé cap, ta c6 thé sit dung dang Lagrange ctia da thitc dé

nhan dugce tryc tiép da thitc noi suy. Bang cach dat
Po(x) =) f(2:)bn () (2.5)
=0

trong d6 n + 1 ham ¢, j(x) la cac da thic bac thit n.
Nhiing da thitc nhu thé duge xay dung mot cach dé dang, bdi vi {z;} 1a cac
diém phan biet, tic i,
(z —zo)(x —x1) - (x = xj 1) (& = zj11) -~ (¥ = @)

Pnilz) = (2 —20) @y —a0) (5 — 2y 1) @y —wen) @y =)

(2.6)
Cac da thitc nay duge goi 1a cac hé s6 noi suy Lagrange.
Ta dat
wn(2) = (& — ao)(z — 1)+ (2 — )@ —aje) - (@ =) (27)
Ta co:

Suy ra, cac hé s6 noi suy Lagrange c6 thé dugce viét gon nhu sau:

wn ()

(& = 2j)wp ()

Pnj(2) = (2.9)

Bang cach st dung tich trong, dang Lagrange ctia da thiic noi suy cé thé duge

4



viét:

Pale) =3 S]] S— (2.10)

Tj — Tk

Da thitc noi suy Lagrange xac dinh da thic duge dinh nghia béi (2.2) va (2.4)

la hé qua cta dinh ly sau:

Dinh 1y 2.1.1. Gid st Py(x) va Q,(z) la hai da thic bat ky, cé bac toi da n, ma
Pu(x;) = Qu(x;),i=0,1,...,n, (2.11)

trong dé n +1 diém {x;} la cdc diém phan biét. Thi

Po(z) = Qn(x) (2.12)

Dicéu nay chi ra rang, c6 mot va chi mot da thic bac téi da n ma (2.1) suy
bién va duge cho béi (2.10) va (2.6)
2.2. D6 16i tirng diém trong nodi suy da thic
Do 16i timg diém (pointwise error) gitta mot ham, f(z), vA mot s6 da thiic
xap xi dén n6, P,(z), dugc dinh nghia:
Ry(z) = f(x) — Py(x) (2.13)
V6i cac da thiic noi suy, mot bicu dién hitu ich ctia R, (z) dé dang c6 duge. Dinh
Iy dudi day phat biéu cho diéu nay.

Dinh 1y 2.2.1. Gid st f(x) cé dao ham dén cap (n+1), f"Y | trong mot khodng
[a,b]. Vi Pu(x) la da thic noi suy cho f(x) tuong ting vdi n+ 1 diém phan biét

zi,i =0,1,...,n trong doan [a,b], tic la P,(x;) = f(x;) va z; € [a,b]. Thi vdi mos



z € [a,b, ton tai mot diém & = &(x) trong khodng mé

min(zg, 1, ..., Tn, r) < & < max(xg, 1, ..., Ty, T) (2.14)

Ru(2) = f(2) — Pa(a) = £ 20T 00 (0 2 00) i ) )
(2.15)

Néu gia tri 16n nhat va gia tri nhé nhat cia Y (z) trong [a,b] duge xac
dinh, (2.15) cho ta cac chan sai s6. Nén luu ¥ rang sai s6 (2.15) cho céac da thic
noi suy giéng v6i phan du trong khai trién Taylor. That vay, ta c6 thé gia dinh
mot cach don gidn ring néu |z — x| < |z —x9|,i = 1,2,...,n thi do 16i cia da
thiic n6i suy nhé hon do 16i trong khai trien Taylor xung quanh diém zy. Gia
dinh nay khong phai bao git ciing ding bdi vi f("+1(£) trong khai trién Taylor

va trong (2.15) khong duge danh gia tai cing mot diém € véi = cho trudc.

2.3. Da thidc noi suy Newton

Gia st Qp(z) 1a da thitc noi suy cho f(x), bac téi da k, tuong tng véi k + 1
diém phan biét zg,x1,..., 2. Ta can tim cac da thic noi suy, {Qx(z)} véi bac

t6i da k ma trong dang

Qo(z) = f(zo) (2.16)
va
Qk(x) :Qk_l(ﬂf)"i‘q;g(%),k: 1,2,...,71, (217)
trong d6 qi(z) c6 bac t6i da k.
Do ta can
Qk@j‘J) :f(xj) :Qk_l(xj),j :0,1,...,k— 1 (218)

nén gx(z;) = 0 tai k diém nay. Dan dén, ta thé hién da thic tong quat nhat véi



bac téi da k ma suy bién tai k& diém nhu nhau:
a(@) = a [ [ (= — =) (2.19)

Trong phuong trinh trén, hing s6 aj can phai dugce xac dinh. Dé ma Qy(xy) =

f(z1), hang s6 nay phéai

flg) — Qr—1(xk)

M-

k=1,2,....n, (2.20)

RAt ty nhién, da thiic noi suy bac khong cho diém khdéi tao zq 1a Qo(x) = f(20).
Do do6, véi ag = f(x0), bang k§ thuat dé quy, ta c6 da thiic noi suy duy nhat bac

n ¢6 dang nhu sau:
Qn(z)=ap+ (x —ag)ar+---+(x—x—0)--(z —xp_1)an (2.21)
He s6 tht k& dudce goi 1a sai phan chia duge bac k, ky hieu:

ap = flwo) (2.22)

CLkZf[xo,l‘l,...,xk],k‘:1,2,...

Cac gia tri cia f(r) ma dugc nhap vao dé xac dinh a; 13 nhiing tham s6 cla
flzo, 1, ...,z Biéu dién nay tuong minh hon dang dé quy ma dude cho bdi

(2.17). Do tinh duy nhat ctia (2.21), bang cach st dung dang Lagrange, ta c6

thé viét: . .
. _ T — Tk
Qu(z) = me) 1T e (2.23)
j=0 k=0,k#j
va hé sb ctia 2" 1a
Qp = f[$0ax1a"'7$n] = f<x]) (224)

Jay szo,k#(xj — )



Duya trén dang (2.24), cac sai phan chia dugc 1a cdc ham do6i xing theo d6i sd

clia chung. That vay, néu ta st dung ky hiéu truyén thong

fijko. = floi, zj, 2, .. (2.25)

thi tinh déi xiing dugc khai trién nhu sau

J0,1,..0 = Fiorjrrin (2.26)

trong d6 (jo, j1, ..., jn) 12 bat k¥ hoan vi ndo clia cac sé nguyén (0,1,...,n).
Ta c6 thé thu duge mot dang tién 1gi hon (2.24) bang céch sit dung tinh duy
nhat ctia da thitc noi suy. Ta c6 thé xay dung da thiic Q,(x) bang cach khép céc

gia tri cua f(z;) trong mot thi tu nghich ddo j =n,n—1,...,1,0.

Qn(z) =bo+ (x —xp)b1 + -+ (x —ap)(® — 2p_1) -+ (z — 21)bp, (2.27)
trong do6 by, = fTn, Tn-1,. .., Tn_k, Va by = flrn] = f(zn).
Dé ¥ ring, a, = by, nén tir (2.21) va (2.27), ta co:

0=[(zr—20)—(x—zp)(x—21) - (T —2p_1)an+ (an—1 — byt +pn—o(z) (2.28)

trong d6 p,_o(r) 1a mot da thiic bac cao nhat n — 1.

Va dua trén tinh déi xitng ciia cac sai phan chia duge, dan dén viec
bn—1 = flzn, Tn-1,..., 21| = flr1, 22, ..., 2] (2.29)

t ap, = (ap—1 — bp—1)/(xo — ), ta co:

f[x07x17"'7$n—1] - f[l']_,ﬂ:g,...,.’lfn]

flro, x1,. .. 20 = n=12 ... (2.30)



Va bang cach dinh nghia cho tinh hoan thién

flwo] = f(wo) (2.31)

Da thiic noi suy (2.21) c¢6 thé duge viét lai nhu sau:

Qn(z) = flro]+ (x —x0) flTo, 1)+ -+ (2 —20) - - - (* —Tp1) [0, 71, - - -, 7] (2.32)

Dang nay dugc goi la dang ndi suy sai phan chia dugc Newton.
Mot biéu dién khac ctia do 16i trong da thiic noi suy c6 thé thu dude bing

cach dat k =n + 1 trong biéu thiic (2.19) va (2.20) va (2.22) nhu sau:

f(z) — Qunlx) = [H(x — :17])] flxo, z1, ..., @, 2] (2.33)

J=0

Mot biéu biéu dién khéac ciia cac sai phan chia dugc cho thay nhiéu lgi ich

hon trong viéc wée luong do 16n ctia ching dude thé hien trong Dinh 1y sau

Dinh 1y 2.3.1. Gid st z, 0,21, ..., 251 la k+ 1 diém phan biét va goi f(y) cé

dao ham lien tuc cap k trong khodng
min(z, rg, 1, ..., k1) < y < max(z, T, T1,...,Tp_1) (2.34)
Thi vdi mot s6 diém € = £(z) trong khodng nay

ARG

flzo,x1,. .., xp_1,2] = Bl

(2.35)

Ta c6 mot he qua triyc tiép ctia Dinh 1y (2.3.1) thé hien mot s6 thong tin trén

céc sai phan chia dude clia cac da thic. Két qua nay dude phéat biéu nhu sau:

Hé qua 1. Gia su

P(z)=ap+agz+ -+ apz” oy #0 (2.36)

9



la bat ky da thic biac n nao va goi xg,x1, ..., 2 la k+1 diém phan biet. Thi

Qn, néuk =0
Pplxo, z1, ..., 2] = (2.37)

0, néuk >n

Trong mot sd phan tich danh gia vé do 16i trong dao ham s6 va tich sé phan so,
ta c6 thé can mot s6 tinh chét lien tuc (continuity) va kha vi (differentiability)
clia cac sai phan chia duge. Nhitng két qua d6 dude suy ra tit mot bicu dién

khéc ctia sai phan chia duge ma duge phét biéu thong qua Dinh 1y dudi day.

Dinh ly 2.3.2. Gid si f(z) ¢6 dao ham lien tuc dén cap n trong khodng
min(zg, z1,...,2,) < y < max(zg,z1,...,2). Thi néu nhing diém xo,z1,. .., Tk

phan biét,

1 t1 tn—1
f[xo,ml,...,xk]:/ dtl/ dtg---/ by X f) (|2 —2n 1]+ - -+t [21—20]+20)
0 0 0
(2.38)

trong do, n > 1,tp =1

Céac tich phan vé phai clia biéu thiic (2.38) 13 mot ham lién tuc c6 n+ 1 bién
0,21, ..., 2, v do d6 vé phai nay 1a mot ham lién tuc véi cac bién nay. Diéu nay
dan dén (2.38) dinh nghia duy nhat mot md rong lien tuc cia flzg,z1,. .., Ty
khi ma cac tham s6 nam trong bat ky khoang lién tuc ndo ciia dao ham cap n
clia f(x). Céc sai phan chia duge khong chi c6 thé duge dinh nghia cho céc tap
tham s6 phan biét ma con c6 thé duge dinh nghia trong trudng hgp khong phan
biet. Mot cach tu nhién, ta c6 thé xay dung tuong tu néu cé su lien tuc. Néu
f(z) lien tuc, thi theo Dinh Iy (2.3.2) chi ra ring lam thé ma si lién tuc cho
thé c6 cho tat ca sai phan ctia f(z) theo thit ti 0,1,...,n. Nhan xét nay c6 thé

dugce tom tat trong He qua sau.

Heé qua 2. Gia si f™(x) lien tuc trén doan [a,b]. Vi bat ky tap diem o, 1, ...,z
trong [a,b] vdi k < n, gid s@ flxo,z1,...,x5] dugc cho trudc boi (10)k. Sai phan

chia dugc dugc dinh nghia la mot ham lién tuc cia k + 1 doi s ciia né trong
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[a,b] va trung vdi cac dinh nghia ¢ (2.24), hay (2.32) khi cdc doi s6 phan biét

nhau.

That vay, nhu trong chiing minh ctia First Mean Value Theorem cho tich
phan, (10),

1 t1 tno1 1 t o1
m/ dtl/ dto- - / dt, < flzo,...,zn] < M/ dtl/ dty- - / dt,,
0 0 0 0 0 0
(2.39)

trong d6 m = min f(z) vA M = max f()(z) véi = trong
min(zo,...,Tn) <z < max(xo,...,Tp) (2.40)

Thi béi tinh lien tuc cta £, c¢6 mot diém u, trong khodng nay sao cho

(n)
Fleon . n] = L) (2.41)

Bé&i vi cac diém z; khong nhat thiét phai phan biét, nén ta c6 mot phién ban

tong quéat cho Dinh 1y (2.3.1) trong Hé qua sau:

Heé qua 3. Néu f™(x) lien tuc trén doan [a,b] va g, 21, ..., 2, trong [a,b] thi
(n)
flro, @1, ... 2] = ! n'(f), (2.42)
trong do
min(zg, 1, ...,%,) < £ < max(xg,z1,...,Ty). (2.43)

Mot truong hop cu thé la

Heé qua 4. Néu ™ (z) lien tuc trong mot lan can ciia x, thy

flo,z,... 2] = f(n)(g). (2.44)

Va c6 thé suy ra mot biéu dién khéac clia sai phan chia duge khi nhiéu nhan
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t1t xuat hien
Heé qua 5. Néu f")(z) lien tuc trén doan la,b], vo,Y1,-..,yn trong doan [a,b], thi

fleyn, - ynl = Flyo, v, - - ol (2.45)
T — Yo ‘

f[x,y07y17---,yn] =

cho mot md rong lién tuc duy nhat cia dinh nghia vé sai phan chia dugc.

Hé qua 6. Néu z; # y; v6i 0 < i < p,0 < j < q;f™(2) lién tuc trong doan
[a,bl;{zi}, {yi} trong [a,b];0 < p,qg <m thi

f[x()’"'uxpuy()a"'?yq] :g[‘r(]?"'?xp] :h[y()?"'?yq] (246>

trOng dé g(fL’) = f[xvy()v ce 7yQ7 h(‘r) = f[‘r()? ce 7*Tpvy;

cho mot md rong lién tuc duy nhat cia dinh nghia cia sai phan chia dugc.

Heé qua 7. Néu f(z) c¢6 dao ham lién tuc cap m trong |a,b]; zo, . .. Tpy Y0 - -+ Ygs 205 - - -

trong la,bl; x; # yi, v # 2k, Yj # 2k V0L Mot i,5,k;0 < p,q,r <m; th

1 oor o1 o 9 47
f[xo’“'7xp7y0,‘”7yq’207”"ZT}_p!Q!T!a.Ipayqaer[I?y’Z]fnC ( . )
trong do:
min(zo, ..., zp) < & < max(xo,...,Tp),
min(@/Ow--;Zl(]) S n S maX(y07"'7yq)7 (248)
min(z, ..., 2 ) < ¢ < max(zp,...,2).

Mot truong hop dic biet duge thé hien trong He qua sau:

Hé qua 8. éu f"™)(z) lién tuc trén doan [a,b); z,y,z la cic diém phan biet trong

doan [a,b]; 0 < p,q,r < m; thi

flz,x T 2,2 2] = Lﬁﬁiﬂx 2] (2.49)
L’ 7"'71\y7y7"r"7y7 ,.'.,l]ip!q!r!ﬁxpayqazr 7y? °

\\

vV vV
p+1 q+1 r+1

12



ro  f(zo)

r1  f(x1) | Poi(x)

vy f(x2) | Pia(x)  Poia(x)

*:E/c f(xk) Pk—l,z(x) Pk—z,k—1,k($) o Py, k(x)

Bdng 2.1: Lugc do noi suy lip Neville (Neville’s iterated interpolation)

2.4. Noi suy tuyén tinh tuan tu

Dang Newton ctia da thiic ndi suy cho phép dé dang tang do chinh xac cho
phuong phap xap xi da thic. Trong thiyc hanh, cac thi tuc lap dude sit dung va
rat hieu qua khi két hgp v6i tinh toan may tinh. Bd dé dudi day dong vai tro

nén tang cho cac luge do noi suy tuyén tinh tuan tu.

Bo6 dé 1. Gid st x;,, x4y, ..., xi, la n diém phan biet va Py, 4, . (z) la da thic

noi suy bac n — 1 ma théa
Pil,iQ,...,in(l'iv) = f(xiv), V= 1, 2, o, N (250)

Thi néu T, T V4 xi,,v=12,...,nla bat ky m + 2 diém phan biét nao,

(@ = k) Py ig,.in,§ (2) — (& = 2§) Py g i 1 (T)
Tj — Tk

,m=0,1,2,...
(2.51)

Py g ik (T)

Nhiéu luge do st dung Bo dé trén dé xac dinh cac da thic noi suy bac cao
(higher order interpolation polynomials) theo thit tu ctia cac cap gia tri (z;, f(z;).
Mot vi du dién hinh 1& ngi suy l@p Neville nhu trong Bang 2.1. Phuong phéap
noi suy nay c6 nhiéu tng dung trong thuc hanh, dién hinh nhat 1a trong phuong

phép 1ap noi suy nguge (iterative inverse iterpolation).
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CHUONG 3

XAP Xi DPAO HAM SO BANG DAO HAM CUA CAC
DA THUC NOI SUY

Trong chuong nay, ching toi trinh bay mot van dé quan trong trong nhiéu
ing dung - xap xi dao ham ciia mot ham ma chi biét truée mot sd gia tri cia

cua ham.

3.1. Mot sb thiét lap ban dau

Ta goi P,(z) 1a da thitc noi suy bac n cho f(z) tuong ting v6i n+ 1 diém phan
biét xg,z1,...,2,. Néu ta st dung p#) (z), thi mot xap xi dén dao ham cap k
clia f(r) dugc viét nhu sau:

d* f(z)

TR = B (2),k<n (3.1)

Tuy nhién, dé danh gia duge xap xi nay ta can mot s6 biéu dién hiéu qua cho
do 16i

R (z) = f¥)(z) — quk)(:r) (3.2)

Néu f*+1(z) 1a lién tuc trong khoang I, ma bao gom ci z; va x, theo Dinh Iy

(2.2.1) ta co:

r—z0)(xr—x1) - (x — 2y - (n+1)
o) = R o ) ) [ - ot ) (33)
j=0

trong d6 ¢ = £(z) 1a mot diém chua biét trong I, véi mdi z.

Ta nhan thay tiém nang trong viéc dao ham bicu thitc cho R, (z) dé thu duge
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Rq(f) (z) nhung diéu nay khéng hoan toan ding dan. C6 hai 1y do cho diéu

N

nay:
e Ly do 1: £(z) c6 thé khong cé gia tri don, nhung c6 dao ham cap F,
e Ly do 2: f(x) c6 thé khong c6 dao ham cap n+ 1+ k

Néu f(z) c6 tinh chat kha vi, thi mot biéu dién thay thé cho do 16i duge biéu
dién nhu sau:

Ry(x) = H(x—xj)f[xo,...,xn,x] (3.4)
=0

Va bay gio bang cach tng dung Dinh 1y (2.3.1) thi biéu dién nay c6 dao ham
cap k. Tuy nhién, bicu thic két qua kha phiic tap va chi c6 thé st dung trong
truong hop dao ham cap 1, tic k = 1 ma trong dé = = z; 1a mot diém noi suy.

Do 16i tré thanh trong truong hop nay nhu sau:

fl@) = Phx) = Ry(zi) = ] (@i —2)flao, 2, zm, 2

J0I7 (3.5)
" (n+1)
_ H (z; _xj>f ()
i1 (n+1)!
J=0,j#1

Bién doi cudi ciing duge suy ra tit Dinh 1y (2.3.1) va (2.2.1).

3.2. Uéc luong do 16i cho dao ham sb

Trong trudng hop tong quat, dé c¢é ude luong do 16i thuc té cho dao ham sb,
ta trd veé véi Dinh 1y Rolle ma 13 co sé cho uéc luong do 16i noi suy ctia Dinh 1y

(2.3.1). Két qua nay duge phét biéu nhu sau:

Dinh 1y 3.2.1. Goi cdc diém noi suy co thi tury <z < -+ <xy. Got f(”“(x)

lén tuc. Thi vor moi k < n,



x0

x1 (w0, 1)

) (22, 23) (21, 23)

T, (Tp—1,25) (Tp—2,2) ... (zo0,28)
Tn (xn—la xn) (wn—2> xn) ce (xn—ky mn)

Bdng 3.1: Khong diém ciia cic dao ham cdp cao ciia Ry(z)
trong dé vdin+1 — k diém phan biét, &, doc lap vdi x va nam trong khodng
;<& <xiyr,j=01,....,n—k (3.7)
va = n(x) la mot s6 diém trong khodng chita = va &

Chiing minh. B6i vi R, (x) = f(z) — Pu(z) c6 dao ham lién tuc cap n + 1 va tieu
bién tai x = 25,7 = 0,1,...,n, ta c6 the 4p dung Dinh 1§ Rolle k& < n lan. Bang
cach lap bang, ta c6 thé theo doi dugce vi tri ctia khong diém ciia cac dao ham
cap cao clia R,(z) nhu Bang (3.1).

Cot tht k trong bang liet ke cac khodng md, (zj,z;1x) trong d6 c6 ich nhat
mot &; phan biét cua R,&’“) phai nim trong. Do d6 diém ¢; clia khoang z; < & <
Tjyk,J = 0,1,...,n —k dugc dinh nghia, va ta cha y rang ching chi phu thuoc
vao ham f(z) va cdc diém noi suy z; chit khong phu thuoc vao w.

Dinh nghia mot ham

n—=k
F(z) = RO(z) - a [z~ &) (3.8)
=0
Ta nhan thay rang
F(&)=0,j=01,2 .. n—k (3.9)
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Véi bat ky x ¢6 dinh phan biét tir £, ta chon duge a = a(r) sao cho F(x) = 0 thi
F(z) ¢6 n — k + 2 khong diém va ta c6 thé ap dung duge Dinh 1y Rolle mot lan

nita. Ta suy ra rang F(""*+1(2) c6 nghiém, tai n trong khodng chita = va &;
0=FO*D0) = R ) —am—k+ 1) = f0 () —a(n—k+ 1) (3.10)

hay

FU ()
= A1
(n—k+1)! (3.11)
Béng cach st dung gid tri o trong phuong trinh F(z) = 0, két qua (3.6) diung
cho moi 2. Cu thé 1, (3.6) thda man z = &; véi n bat ki vi F(¢;) = 0 véi bat ky

«. Chitng minh dinh 1y hoan tat. ]

Dang Larange ciia da thic noi suy la tien lgi dé thiét ké cong thic vi phan
s6. Dé xap x{ dao ham ctia f(z) tai diém z, cho trude cac gia tri z;, ta thiét lap

noi suy, dao ham ctia no, va danh gia noé tai z:

N N - (k)
)= PP =3 fap | [ —2 (3.12)
=0 =0k 0 K

Béi vi cac hé s6 trong bicu thitc nay chi phu thuoc vao céc nit, ta c6 ¢ day mot
cong thiic ma c6 thé ding cho bat ky ham f(x) ndo. Mot s6 vi du sé dude trinh

bay trong phan Mot s6 vi du.

3.3. Chian sai s6 cho udc lugng do 16i cho dao ham sb

Biéu dién do 16i trong dao ham s6 ctia Biéu thiic (3.6) ding v6i moi z va ciing
c6 kha tinh tong quéat hon biéu dién trong Biéu thiic (3.5). Bing cach st dung
cac khoang da biét (3.7), n6 hoan toan kha thi dé thu dugc nhitng chan sai sb.

Cu thé, néu = va x; déu nim trong [a,b] va trong khoang nay ’f(”+1)(;v)| <M
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thi r6 rang thay dugc

‘Rﬁ%@‘<ﬂ4' (3.13)

— (n—k+1)
Mot u6c lugng dep dé ¢ thé thu dude bang cach sit dung hieu qua cac bat déng

thitc trong Biéu thiic (3.7) trong viéc chin hé s6 do 16i, H?:_(]f(x — &)

3.4. Phuong phap hé s6 bat dinh

C6 nhiéu cach khéac dé xac dinh biéu thic dao ham s6 va do 16i ctia chung. Gia
dinh rang gia tri f*¥)(a) duge xap xi bang cach sit dung gia tri f(z;),i =1,2,...,m.
V6i mot f(z) c6 dao ham lien tuc cap n + 1 trong d6 n + 1 > m, ta dinh nghia

h; = x; — a va st dung khai trién Taylor

(i) = fla+hi)
= fla) + hifM(a) + h_zzf(2)(a) RS ﬁf(n)(a) + Lﬂf(nﬂ)(a + 0;h)
' 2! n! (n+1)! o

(3.14)

trong d6i=1,2,...,m,0<6; < 1.
Ta hinh thanh duge mot t6 hop tuyén tinh clia cac ding thic véi trong s6 a;

da dugce xac dinh.

> aif(w) = <Z ai) fla) + (Z Wli) fW(a)+...
=1 =1 =1
+ (Z aih?) f(:’;(a) * (n i 1)! (Z a0 (a4 9ihi)>
i=1 ’ i=1

(3.15)

Ta chon «; dé ma td hop tuyén tinh clia cac gia tri f(z;) xap xi chinh xac dén

f®)(a). Do do, ta ap dat m diéu kién trén m an chua biét a;

Zaihf:vlévk,vzo,l,...,m—l (3.16)
i=1
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R6 rang thay duge hé nay c6 mot nghiem duy nhat do cac hé s6 ctia dinh thiic
1a mot dinh thiic Vandermonde. Do d6, mot diéu kién can va da cho hé nay dé
c6 mot nghiem khong tam thuong 1a khong dong nhat, tic 14 m > k. Thé neén,
dé xap xi mot dao ham cip k, ta can nhiéu hon k& diém. Véi nghiem cia,

hé trén, ta co:

1 m 1 m
_ Z | F ) — E ( ALY (g 4 0;hy) >k
! azhz> [ (a) | ( aghi " f (a+0ihi) | ,m
n! ( (n+1)! —

(3.17)

Thi tuc nay tuong duong v6i phuong phdp hé so bat dinh: néu ta da biét m
gia tri ham, f(z;), ta tim kiém t6 hgp tuyén tinh ctia cac gia tri tai nhitng diém
nay ma cho gia tri chinh xéc ctia dao ham f*)(a) cho tat ca da thiic tai diém cb

dinh a. Mot cach cu the, véi dao ham dau tien, bdi vi

dz?
dx

=g’ ! (3.18)

r=a

ta tim o; sao cho

m
Zaixf:vavfl,v:O,l,...,m—l (3.19)
i=1

Heé phuong trinh nay ciing c6 mot nghiém duy nhat va that né né trung véi

nghiém cia hé phuong trinh

Zaihf =00, v=0,1,...,m—1 (3.20)
i=1

Vil k =
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3.5. Pao ham st dung cac diém cach déu

Mot cach tu nhién, cong thitc dao ham sé don gian hon khi cac diem dit lieu
cach déu nhau. Cu theé, toan tit don vi (operator identity) sinh ra cac xap xi c6

dang nhu sau:
fl@) = TIAF@) = G () + o (AN @)+ Ry() (321)

Trong trudng hgp nay, di lieu can c6 dang f(x), f(z + h),..., f(z +nh), vA nén
biéu thic nay chi xap xi dao ham tai mot diém va sit dung dit lieu trén mot phia
ctia diém nay. Cong thiic nay thu duge bing cach dao ham so gia tién Newton
theo biéu thiic

mo(t) (1)

Qn(wo + th) = f(wo) + =~ Af (o) + Tﬁf(xﬂ) NI

Tn—1 (t)
n!

A" f(x0) (3.22)

va danh gid tai t = 0. Do d6, do 16i trong biéu thitc (3.5) trd thanh

(~1)h

/ —
Rie) =

FO (), 2 < n <z +nh (3.23)
Mot vi du khéc c¢6 thé dude minh hoa bang cdch dao ham dang Gaussian clia

da thiic noi suy véi n = 2m, va thiét lap tai t = 0,

Flwo) = 3 |Af(ro) — A2 f (@) — A3 (e 1) 4o+ <—1>mm’ig”m‘)!”!A2mf<x_m>
+ RIQm(xO)

(3.24)

Nhitng diém lién quan dugc thay thé mot cach déi xting tai zo v cong thic do

16i
(m)?
(n+1)!

Rby (o) = —(1)™ D (), 20 — mh < i < wo + mh, (3.25)
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Vé6i n va m tién gan vé 1, xap xi Stirling cho n! chi ra rang khi n = 2m

(m!)? n'/?2\/2x

(n+1)1 7 2ntl

(3.26)

Khi so sanh hai do 16i (3.23) va (3.25) chi ra rang v6i dao ham, uvu tién hon
nhitng diém dit lieu trung tam so véi diem xap xi.

Mot truong hgp dac biét quan trong ctia phuong trinh

1 1 1 l(m — 1)!
f(w0) = 3 Afum»—5#9fu;ﬂ——gﬁiﬂm4>+-~+<—nmmf§@ﬂ)‘Vmﬂ@ﬂﬂ
+ R/Qm(xo)
(3.27)
1a khi n = 2, n6 ¢6 thé dugc viét lai
2
f(z) = flz+ h)2—hf(m —h) _ %f?’(n),z —h<n<axz+h, (3.28)

Day 1a biéu thitc xap xi gia s6 trung tam (centered difference approximation)
dén dao ham cap mot (first derivative).

D6i v6i dao ham cap hai, hay tham chi dao ham cap cao, c6 thé dude xap
xi béi mot biéu thic trung tam bing cach dao ham nhitng da thic noi suy
Gaussian véi n = 2m + 1. Lay vi du, véi n = 3, xap xi ctia f”(xg) tré thanh trén

thiét lap zo = -

20 (0
e L (3.29)
Mt h =24 o,

Bing cach 4p dung Dinh 1y (3.2.1), ta c6 thé uéc lugng duge do 16i nhu sau:

AP )| <12 [ 700

r—h<n<z+2h (3.30)
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Nhung ta cé thé tim thay mot chan sai s6 t&t hon bang cach st dung khai trién
Tayolor. Néu ta dat k = 2,m = 4,a = 2, va h; = (i — 2)h,i = 1,2,3,4 thi, ta gidi

Zaihf = 01,0 =0,1,...,m—1 (3.31)
i=1

1 [ 1 “
- = Z i | f™(a) = —— (Z b (0 9#%)) ,m >k
! ( , ) (1)1 |\ &

(3.32)
suy ra
1 2
a1 =03 = 75,00 = —og,ay = 0 (3.33)
Phan d6 16i tré thanh
h2
RY (z) = 0 FOE) - D) e-h<&<z<&<z+h (3.34)

Nhung ma f®(z) duge gia dinh 1a lien tuc trong dao ham nay nén véi mot s6 &

trong khoang & < & < &, phai co

19 = 1) = 1) (3.35)

DN —

Vay do 16i ¢6 cong thic 1a

2
R (z) = —%f(4)(5),x—h<§<x+h (3.36)
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3.6. Mot sb6 vi du

Xem xét bai toan xap xi dao ham cap 1 bang noi suy Larange. Ta da biét

trude cac nut noi suy nhu sau:

(zo, f(20))
(z1, f(71))
(z2, f(2)) (3.37)

(N, f(rN))

Dura trén Dinh 1y néi suy Lagrange 2.1.1, ta co:

il N Tr—x 1 o
Pa(e) =) fay) ] ——"+ R [[@ =z e@)  (3.38)
=0 k=0t ) Tk g

Lay dao ham cap 1 cho biéu thic trén

al d al r—x
/ _ ) — 4k
Pie) = f) | — ]] o
j=0 k=0,k#j
N
1 d(fN(E()))
+ (N+1)!jH)(xxj>< - (3.39)
RN | (R )
(N+1)!'\ de ol J
Dat » = z; v6i 24 1a hoanh do cta tung nat noi suy, t =0,1,..., N. Ta co:
N N N
, d _ (N+1)
=0 k=0 Lk C k=0k#j
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Biéu thtc do 16i

,_TVE@) T
Ry(z1) = T k_g#m _— (3.41)

Vi du: Tim cong thiic ba diém véi do 16i dé xap xi dao ham cip mot f/(z;)

Goi cac nit noi suy 1a (zo, f(x0)), (z1, f(21)), (22, f(22))

2x; —x0 — 11 (3-42)
@) (z2 — wo) (w2 — 71)
B3) (¢ 2
L (€(x)) H (z; — x)
k=0,k+#j
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CHUGNG 4

PHUONG PHAP LAP TRINH

Trong chuong nay, van dé phuong phap lap trinh MATLAB cho bai toan xap

xi dao ham biang dao ham ciia da thic noi suy dugde tap trung trinh bay.

4.1. Phuong phap

Mot phuong phap noi suy da thiic pho bién la noi suy da thitc Lagrange. Ta
c6 thé sit dung dao ham ctia da thitc Lagrange dé tinh toan dao ham s6. Céc

buée thuc hién nhu sau:

1. Chon céc diém: ta chon n+ 1 diém (zo,y0), (x1,41), . . -, (Zn, yn) gan diém ma
ta mong mudn xap xi dao ham z. Céc gia tri y; 1 cac gia tri clia ham tai

diem Xi.

2. Xay duyng da thtic noi suy Lagrange: da thic P(z) qua céc diém noi suy

dugc cho béi cong thic:

1=0

trong d6 L;(z) la cac da thitc Lagrange co s6

n

Liw) = [[ =2 (4.2)

P——
j=04#i "

3. Dao ham da thitc: dao ham da thitc P(z) tuong tng véi bién 2 dé tim P'(z),

tic la dao ham cta da thiic noi suy. Dao ham ctia moéi ham Lagrange co sé
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dugce cho bdi cong thic:

nw=> Il == (4.3)

J=0,j#i k=0,k#i,k#j

Dao ham cua da thiic duge tinh

P'(z) = yiLi(x) (4.4)
=0

2 .z N . « 2 [N 2 £ 2 N 2 N £ .
4. Danh gia dao ham tai diem muc tiéu. Dé xap xi dao ham ctia ham goc tai

r, ta thé ngugc x vao P'(x).

4.2. Thuc nghiém
Xem xét thi nghiém v6i ham Runge:

1

~ 11 2522 (4.5)

f(x)

Ta st dung noi suy da thiic tai N = 2m+1 diém cach déu z; = —5+5(j —1)/m
cho xap xi xau ham Runge trén doan [—5,5]. Sau d6, st dung da thitc noi suy
dé xap xi dao ham cho ham Runge tai diém z = 0.5.

Ta thiyc hién tung budc nhu sau:

1. Bu6ce 1: Dinh nghia ham Runge va dao ham cta né

/i, Define the Runge function and tts derivative
syms X;

f =1/ (1 + 25xx72);

/4 Define range

a = -b;

b = b;
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13;

B
Il

=
Il

2*m+1;

4 Differentiate the function symbolically
df = diff(f, x);

/i Function handles for numerical evaluations
f_func = matlabFunction (f) ;

df _func = matlabFunction (df);

/4 Target point for evaluating the derivative
x_target = 0.5;

actual_derivative = df_func(x_target);

. Bué6c 2: Phat sinh cac diém va thuc hién noi suy Larange

/4 Points for interpolation

XS linspace(a, b, N); 7/ 15 points from -2 to 2

ys f_func(xs);

/s Lagrange Interpolating Polynomial
L = 0;

n = length(xs);

for 1 = 1:n

Li = Li * (x - xs(j))/(xs(i) - xs(j));
end

end

27




L =1L + Li *x ys(i);

end

4 Differentiate the interpolating polynomial
L_prime = diff (L, x);

/i Evaluate the derivative of the Lagrange
polynomial at the target point
derivative_at_target = double(subs(L_prime, x,

x_target));

3. Buéc 3: Tinh toan do 16i gitta dao ham that sy va dao ham xap xi duge tu

da thitc Larange.

/4 Calculate error
error = abs(derivative_at_target -

actual_derivative) ;

fprintf ('The actual derivative of the Runge
function at x = %.2f is: %.4f\n', x_target,
actual_derivative) ;

fprintf ('The approximate derivative from Lagrange
interpolation at x = %.2f is: %.4f\n', x_target,
derivative_at_target);

fprintf ('The error in the derivative approximation

is: %.4f\n', error);

4.2.1. Thi nghiém vdi xap =i tau

Két qua thuyc nghiem vé6i cac gia tri m 1an luct 1a m = 7,m = 10,m = 13, m =

15,m = 17 nhu sau
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m N Dao ham ding Dao ham xap xi Sai s6 trén doan [-5, 5]

7 15 -0.4756 -1.7975 1.3219
10 21 -0.4756 -1.9744 1.4988
13 27 -0.4756 -1.1288 0.6532
15 31 -0.4756 -0.3658 0.1099
17 35 -0.4756 0.2162 0.6918

Bang 4.1: Bdng ddnh gid thuc nghiém zap xi dao ham cho ham Runge tai
2z =0.5 bang noi suy da thic Larange trén doan [—5,5.

Nhan xét: Gia tri xap xi dao ham khong qua tot. Miac du, ta da c6 gang
tang cac diem noi suy lén nhung két qui xap xi van khong c6 nhiéu cai thien.

Ta lap lai thi nghiém nhung lan nay chi tinh trén doan [-1,1]. Két qua thuc
nghiém véi cac gia tri m lan lugt 1a m = 7,m = 10,m = 13,m = 15,m = 17 nhu

sau:

m N Dao ham ding Dao ham xap xi Sai s6 trén doan [—5, 5]

7 15 -0.4756 -0.4775 0.0019
10 21 -0.4756 -1.1795 0.7039
13 27 -0.4756 -0.3734 0.1023
15 31 -0.4756 -0.5383 0.0627
17 35 -0.4756 -0.4381 0.0376

Bang 4.2: Bdng ddanh gid thuc nghiém zap xi dao ham cho ham Runge tai
z = 0.5 bang noi suy da thic Larange trén doan [—1,1.

Nhan xét: Khi thu nhé khoang noi suy va c¢d ging tang s6 lugng cac diém
noi suy, ching ta thu duge két qua xap xi dao ham t6t hon thi nghiém truée do.

Tuy nhién, khong cé sy 6n dinh khi tang tit 15 lén 21 va len 27 diém noi suy.

4.2.2. Thi nghiém vdi xap i tot

Ta thuyc hién thi nghiem tuong tu nhung lan nay ta dung noi suy da thic tai
cac diém Chebyshev cho xap xi t6t ham Runge trén doan [—5,5]. Két qua thuc
nghiém véi cac gia tri m lan lugt 1a m = 7,m = 10,m = 13, m = 15,m = 17 nhu

sau:
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m N Dao ham ding Dao ham xap xi Sai s6 trén doan [—1, 1]
7 15 -0.4756 -0.5265 0.0508
10 21 -0.4756 -0.4602 0.0154
13 27 -0.4756 -0.4803 0.0047
15 31 -0.4756 -0.5198 0.0441
17 35 -0.4756 -0.4521 0.0235

Bang 4.3: Bdng danh gid thuc nghiém xap xi tot dao ham cho ham Runge tai
2z =0.5 bang noi suy da thic Larange trén doan [—1,1.

Nhan xét: Khi ta st dung khodng nhé [—1,1] va sit dung cac diém ndoi suy

Chebyshev, cac két qua xap xi dao ham t6t véi do 161 nho.

m N Dao ham ding Dao ham xap xi Sai s6 trén doan [—5, 5]
7 15 -0.4756 73945.3885 73945.8641

10 21 -0.4756 -63.3438 62.8681

13 27 -0.4756 -6.2810 5.8054

15 31 -0.4756 -1.8440 1.3684

17 35 -0.4756 -1.5730 1.0974

Badng 4.4: Bdng danh gid thuc nghiém xap xi tot dao ham cho ham Runge tai
z = 0.5 bang noi suy da thic Larange trén doan [-5,5.

Nhan xét: Khi ta sit dung khoang 1én [—5,5] va sit dung cac diém noi suy

Chebyshev, cac két qua xap xi dao ham chua that sy tot va do 16i con cao.
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CHUONG 5

KET LUAN VA HUGNG NGHIEN CUU TUGNG LAT

Trong tiéu luan nay, phuong phap xap xi cho viéc tinh toan dao ham s6 dua
trén cac da thic noi suy duge trinh bay. Trong do, phuong phap lap trinh véi
noi suy Larange dudc khdo sat. Thong qua cac két qua da dat dugdc, ta nhan
thay duge mot s6 van deé trong viéc lya chon s6 diém noi suy va tit dé thu duge
da thic noi suy dé nhim danh gia dao ham. Mot s6 luu ¥ trong thuc hanh, ta
nhan thay khong phai lic nao dung nhiéu diém noi suy ciing tot va sit dung cac
diém xap xi tét nhu cac diém Chebyshev 14 mot trong nhitng lita chon uu tién.

Trong ké hoach nghién cttu tuong lai, phuong phap dao ham sé van con c6
nhicu dé tai tha vi va can dudc nghién citu nhu 4p dung va cai dit cac phuong
phép khép da thiic tryc tiép (direct fit polynominal), phuong phap Newton,
phuong phap sai phan chia duge. Bén canh dé, c6 thé phan tich them vé do 16

hoac st dung cac phuong phap da thitc noi suy khac nhu néi suy Hermite.
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PHU LUC 1: NOI SUY HERMITE VA THIET LAP CAC
CHAN SAT SO

.1. Noi suy Hermite

Gia dinh ring tai mot diém cho trude z;, ta biét mot gid tri ham y;, va c6 the
c6 nhieu gia tri dao ham Yir Y- ,y;.nj. Ta c6 the sit dung ma tran Vandermonde
dé ching té ring ton tai mot da thitc duy nhat P véi bac khong nhé hon d ma
thdéa man

PO () =y k=0,1,...,m;,5=0,1,....n (1)

trong d6 d = n+mg+my + - - - +myy,. Da thiic osculating (kissing) la mot da thic
noi suy rat tong quat.
That vay, ta c6 thé dit tén cho loai da thic xap xi dude gan véi méi loai dit

lieu va cho bac ctia chiing.
1.n>0,m; =0,7=0,1,...,n
22.n>0,mj=1,7=0,1,...,n
3.n=0,ng=N

Khoi Vandermonde lién két véi thanh phan j bay gio ¢6 1 +m; dong, va

1 z 22 23 2
0 1 2z 322 dxd—1 @
00 2 62 d(d — 1)z?2

dugc danh gia tai x = ;. Ma tran Vandermonde (d + 1) x (d + 1) nay la khong

suy bién néu va chi néu z; phan biet.
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Trong mot s6 tng dung, y; 14 nhitng gia tri cla mot ham da biét f. Néu

f € C¥([a,b]), va [a,b] chita tat ci cac diém, thi Vz € [a,b], 3¢ € [a,b] sao cho

_ FlQ) 1 my+1
f(z) —P($)+WH($_IJ) (3)
7=0

Viéc st dung mot da thic dé ndi suy mot tap hop 16n cac diem (hoac mot
s6 lugng 16n cac diéu kién trén mot tap hop diém) doi héi bo noi suy phai co
bac 16n. Diéu nay thuong tao ra cac dao dong 16n va khong mong mudn trong
bo noi suy va khién viec danh gia P(z) ton kém hon. Néu ta c6 quyéen tu do lya
chon céc nit, ching c6 thé duge chon dé giam thiéu cac dao dong dit doi; day

dugce goi la lya chon nit Chebyshev.
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PHU LUC 2: LY THUYET CO BAN VE XAP XI DA
THUC

Xem xét mot khong gian tuyén tinh (linear space) khong nhat thiét phéi 1a
khong gian hitu han chiéu (finte dimensional space) ma cac phan tt ciia n6 la
cac ham {f(z)}. Chuan (norm) dugc dinh nghia 1a mot phép gan mot s6 thuc

vao mdi phan t1t ctia khong gian tuyén tinh trén, ky hieu Norm(f) = N(f) = || ||

thoa man:
e |lfl =0,
e ||f]| = 0 néu va chi néu f(z) =0,
o llefll = Ie|- 111, v6i moi hing s ¢ € R,
o [If +gll <A+ llgll

Mot do do ctia do léch chuan (measure of the deviation) hay do 18i (error)
trong mot xap xi ciia f(z) bdi P,(z) duge dinh nghia mot cach tong quat béi

khai niém ban chuan (semi-norm):

Ta gia dinh rang cac da thiic va ham, f(r), can duge xap xi trong mot khong
gian tuyén C[a,b] clia cac ham duoc dinh nghia trén mot khoédng bi chin déng,

[a, b].
Pinh ly .1.1. Goi mot do do ciia do léch chuan .|, duoc dinh nghia trong

Cla,b], va ton tai cdc s6 duong m, va M, théa man:

0<my< < M,,n=0,1,... (5)

n

o
g bjx
j=0

SN
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vdi moi {bj} ma thoa man

3

bj=1 (6)
=0

Thi vdi bat ky s6 nguyén n va f(x) trong Cla,b], ton tai mot da thic bac lén nhat
n ma

dat duoc gid tri nhé nhat trén tat cd cic da thie.

Mot nhan xét: ham f(z) khong nhat thiét phai lien tuc. Hon nita, dinh 1y trén
khong cho mot uée luong ve do 16n cia d,.
Vé céc két qua vé tinh duy nhat, ta can do do ctia do lech chuan nén nghiém

ngit (strict). Bing céch dinh nghia mot chuan |.|,, 1& nghiém ngat néu

dan dén ton tai cdc hang o, 8 ma |a| + |B] # 0 va
af(z)+ pBg(xr) =0 (9)

Ta ¢6 dinh 1y sau.

Dinh 1y .1.2. Gid thiét cia dinh Iy .1.1 thém vao yéu cau |.|,, la nghiém ngat.
Thi da thitc nhé nhat, goi la P,(z) la duy nhat.

.2. Pinh 1y x4p xi Weierstrass va Pa thiic Bernstein

Dinh 1y xap xi Weierstrass dudc phat biéu nhu sau:

Dinh 1y .2.1. Goi f(x) la bat ky ham lién tuc nao trong khodng (déng) [a,b].
Thi vdi bat ky € > 0, ton tai mot s6 nguyén n = n(e) va mot da thic P,(z) vdi
bic cao nhat n théa

|f(2) = Pa(x)] <€ (10)
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vdl moi x € |a,b]

Dinh Iy .2.1 ddm béo c6 thé xap xi da thic gan thong qua mot khoang gisi
han déng chi véi diéu kien 1a ham duge xap xi la lien tuc. Phat biéu cta dinh
ly 1a vé si ton tai va khong cho mot ggi ¥ nao vé cach xay dung nhitng xap xi.
Tuy nhién, mot chiing minh don gidn va tao nha clia két qua nay do Bernstein
trinh bay trong dinh 1y

Da thitc Bernstein bac n cho ham f(z) trén [0, 1] dugc dinh nghia:

n

Bu(fix) =Y f(w)Ba;(x) (11)
§=0
VOl
Br.j(@) = (’;) 21— z)nd (12)

Dinh 1y .2.2. Goi f(z) la bat ky ham lién tuc nao duge dinh nghia trén [0,1].

Thi vdi moi = € [0,1], va bat ky s6 nguyén duong n nao,

9 _
[f(@) = Bu(fi2)| < qw(fin 12) (13)
trong do modulus cia tinh lién tuc cia f(x) trong [0,1] duoc dinh nghia

w(f;6) = Least-upper-bound | f(x) — f'(x)| (14)

z,2'€[0,1],|z—x'|<d

Dinh Iy xap xi Weierstrass dugc suy ra nhd chon n di 16n sao cho w(f;n~/2) <

4e
5.

Néu f(z) théa man diéu kien Lipschitz, ta dé dang tim dugc

Hé qua 9. Goi f(z) théa man diéu kién Lipschitz

[f(2) = F(y)l < Ale -yl (15)
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vdi moi x,y € [0,1]. Thi vdi moi x € [0,1]

7(@) = Balf:2) < Pn2
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PHU LUC 3: SATI PHAN HUU HAN

.2.1. Thiét lap sai phan tién

Khi cac diém noi suy 1a cach déu, nhiéu két qua dugc trinh bay trong cac
phan truée duge luge gidn va thu duge nhiéu hé qua bé sung quan trong. Ta lay
mot diém zg 1a mot diem ¢ dinh bat ky v goi h > 0 1a khoang céach giita cac

diém ké nhau. Thi cac diém can duge xem xét 1a
$j:x0+jh,j:0,:|:1,:|:2,... (17)

Lién hé véi cac diém cach déu la sai phan tién (forward difference) duge dinh
nghia
Af(x) = f(z+h) - f(z) (18)

Cac sai phan bac cao hon duge dinh nghia nhu sau
ATLf () = A"[Af(2)] = A" (a4 h) — A" f () (19)

Mot quan hé gitta cac sai phan chia duge véi tham s6 cach déu va s6 gia tién
dé dang c6 duge bang cach lay z 1a mot diém bét ki clia cac diém z; trong (17),

ta co:
f(x1) — f(x0)

1 — X

Af(xo) = f(z1) — f(zo) = (x1 — x0) = hflxo, 1] (20)

Dura trén nguyén 1y quy nap, ta gid dinh rang

A" f(xg) = n!h" flzo, z1, . .., T) (21)
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va thu ducc

A" f(ag) = A" f(a1) — A" f (o)

=nlh" flxy, z2, ..., Tpnt1] — DR flzo, 21, . . ., 24
22
:n!hn(xn+1_x())f[xluan"‘?xn-‘t-l]_f[x()?xl?"wxn] ( )
(anrl _$0>
= (n + 1)!hn+lf[£€0, x1,. .. ,:L‘nJrl]

Vay, A" f(xq) = n!h" flxg, 21, . .., x,] ding v6i tat cd n > 1.
Mot bicu dién khac ctia sai phan tién c6 thé thu duge bang cach cu thé (2.24)

trong truong hgp cac diem cach déu. Ta co

II @i—zp= 1] G-an
J=0,j#1 §=0,j#i

=m][-16-5) J[ G- (23)

7=0 I=i+1

= (=1)""h"(i)!(n — 4)!

St dung két qua tir (2.24), ta co:
1 — il T 1 — i N
Jlwo an, sl = Zps ;(_1) (z)mi) = e ;(—1) ! )

(24)

Két hop cac két qua vita c¢6 dugc:

3

agGan) = S0 () o = S ) 29

Mot biéu dién cubi cling cho s6 gia tién c¢6 thé thu dude bing céach st dung
phuong trinh
A" f(xg) = n!h" flzo, 1, . . .,y (26)
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trong Dinh 1y (2.3.1) khi 2 = z}, ta thu duge két qué:
A" f(wo) = b f(€) (27)

.2.2. Phan tich chdn sai s6 cho s6 gia tién
Biéu dién
A f(wo) = h" () (28)

ding v6i gia dinh rang f(z) c6 dao ham cap n trong mot khoang chi dinh.
RO rang ma noi, s6 gia tiép cap n ciia mot da thiic bac n 14 mot hing s6 va
cac sai phan bac cao hon tieu bién. Tong quat hon, néu f(z) c¢6 cac dao ham bi

chan, tic 1a |f(”)’ < M,Vn thi biéu dién trén chi ra ring
|A™f| < Mn” (29)

Do d6, néu h < 1, do 16n ctia sai phan cap n ctia f(x) gidam khi n ting. Ngugc
lai, néu dao ham cap n cta f(z) ting theo n, thi sai phan cip n cing sé gidm

néu va chi néu h "da nho".

.2.3. Da thic noi suy va phan du cho cic diém cich déu

Céc cong thiic da thiic noi suy Lagrange va Newton trd nén don gian khi céac

diém noi suy cach déu nhau. Ta thiét lap
r=u1x9+th (30)

trong do, t do z — zo trong don vi ctia h va 1a mot sé nguyen chi ¢ nhitng diém

xj.
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Cac hé s6 noi suy Larange c6 thé duge viét lai nhu sau:

n

an,j( ) ¢nj IO‘f‘th H —

K0kt R
oy t—k
- 11 7= (31)
k=0,k+j
(1" (n - B
) H (t — k)
k#j
Dat
mo(t) = t,
(32)
) =tt—1)---(t—n),n=1,2,...
Cac heé s6 noi suy Lagrange trd thanh
_ ml(t) (0 (=)
Onglvo+th) = =) (;) = (33)
Cong thitc da thitc noi suy Lagrange dugc luge gian thanh
Tl N~ gy (M) £
Palwo +th) = =2 (1) (j) P (34)

J=0

Dang Newton ctia da thic noi suy ciing duge luge gian thanh

Qulo -+ th) = F(ao) + DA (o) + T2 (o) -+ T an ) (35)

Do 16i trong cac da thiic noi suy hay phan du ctia da thic noi suy duge tinh

nhu sau:

Rn(z) = Rp(zo + th) = my ()R flxo, . .., 20, 2] = w0 (1) f(;:_l 1<)€> (36)
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Tt dinh nghia, cac da thic m,(t)

Bo dé 2. Vdin lé,
n n
m(3-7) == (5+7). (37)

tic la m,(t) doi ziing khi t =n/2; Vdin chan

T (g — 7) = —Tp, (g + 7‘) : (38)

tic la m,(t) phan xing khi t = n/2.
Mot két qua khac thé hién sy so saénh vé do 16n clia m,(¢) tai nhiéu diém

B6 dé 3. Goit+1 la diém khong thé tach roi trong 0 <t+1<n/2. Thi

[ (t 4 1) < |mn(2))] (39)
Goi t la diem khong thé tdach roi trong n/2 <t <t. Th

| ()] < [mn(t + 1) (40)

.2.4. Cong thic noi suy trung tam

Xem xét do 161 ctia da thiic noi suy cho khodng ciach déu nhu sau:

(n+1)
Rp() = Rp(zo + th) = m, ()R flxo, ..., ap, 2] = wn(t)h”“f(nTl(i) (41)

Do 16i nay c6 thé duge ude lugng néu f+1(¢) khong "qua lén" trong khoang
min(zg, ) < & < max(x,, ). Néu phuong sai khong qua 16n, thi mot wdc lugng

ciia do 161 ma ta c6 thé st dung duoc la:

Ry(z) = Ry(xo + th) = 7Tn—(t)A’””rlf(gno) (42)

(n+1)!
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Mot xap xi chin sai s6 thu duge hay khong khi m,(t) duge thay thé bdi gia tri
cie dai tuyet doéi clia né trong khoang nay 1a mot cau hai.

Tong quat, ta khong biét gi vé f(*+1)(¢), didu t6t nhat ¢ thé lam dé thu dugc
mot do 161 nho nhat c¢6 thé 1a chi st dung da thitc noi suy cho khoang ctia ¢ ma
trong dé m,(t) ¢ gia tri tuyéet doéi nhé nhat c6 the, tic 1a véi t gan n/2 hodc mot
cach tuong duong z gan diém trung tam cia [z, z,].

Gia dinh ring trong khodng ma noi suy tot 1a zg < = < z1, va c6 ngau
nhién cac diém z;,j = 0,41,42,... vé khodng nay. Thi mot da thitc noi suy
Newton truc giao (ordinary Newton interpolation polynominal) dya trén céc
diém xg, x1,x_1,... c6 nhitng dic trung mong mudn tuong Gng véi khodng [zo, 1].

Da thitc nay c6 dang
Qn(x) = fo+ (. —20) for + (x — w0)(x — 1) fo1,-1 + ... (43)

Tuy nhién, bdi vi cac sai phan chi dugdc 14 cac ham déi xiing clia cac tham s6

cua ching nén ta co:

Joi,-1=/f-101
for-12=F-1012 (44)
Fot e = Fom 101
Biing cach sit dung
Af(xo) = Flan) — fwo) = (o — o)LL) g ) (45)

T1 — 2o
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ta co:

1

foi,-1= ThQAzfﬂ
1
fo1,-12= ﬁﬁgf—l o
. 46
fol,—1,..m = WA2mf—m

1
2m + 1)1p2m+l1

fo1,-1,...mm+1 = ( ey

Da thitc noi suy Newton truc giao c6 thé dugc viét lai, v6i n = 2m

t(t —1)

Qulzo +th) = fo+tAfo + TAQf—l
%A?’f_l +... (47)
tt =D+ (t=m) o
+ 2m)! AT

vavbin=2m-+1

tt—1)(t+1)---(t—m)(t+m)

Qn(x0+th):f0+tAf0+"'+ (2m+1)!

A2m+1ffm (48)

Day la dang Gaussian tién cho da thitc noi suy.
Mot dang déi xing ciia da thic noi suy c6 thé thu duge khi n = 2m + 1. Dé
c6 dugc dang déi xting cho truong hop cac sai phan chén, ta thém vao ky hicu

sai phan trung tam

52f7" =Afr —Afr1= Azfr—l

49
0% fr = AV )y = 6 o

Ta thay diém z, luoén ludn la diém giita ma cac sb6 gia ctia no6 1a trung tam. Véi

ky hiéu nay, cac bac sai phan 18 cao hon truée, c6 thé viét lai nhu hiéu cia hai
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sai phan trung tam
A2m+1f—m _ 52mf1 _52mf0’m: 1727‘“ (50)
St dung phuong trinh trén trong bién doi dang Gaussian, ta cé:

Qn(370 + th) = fo

+tAfo+¥A2f_l+WA3f_l+...
tt—1)(t+1)-(t—m) o
+ (2m)! A o
tt—Dt+1)---t—m)t+m) , om
* 2m 1 1) AT
= fo+t(f1— fo) + %52%
—t(t_l;(t“)(a?fl—52f0)+...

1) o (t—m 51
R 1)(t?;;))! (t=m) som . (51)
tt—1)E+1)---E—m)t+m), o, m
L He=1)( (2)m+(1)! ) )(52 8y
:tf1+t<t_1§¢52f1+...
-1 +1)---F—m)(t+m) o,
L HE= 1) (2)m+(1)! JE+m) o
+(1—t)fo+t(t3_!1)(2—t)62f0+...
t(t — 1)((1&2;1—3” (t —m) (m+1— )52

Dit s =1 — ¢, ta ¢6 thé don gidn hé s6 ctia 6% fy va ta dugc:

Qn($0+th):8f0+8(82'_1)52f2+...+8(82_1)'”(82_7%2)62771]00
3! (2m +1)! (52)
t(t* —1) o H2—1).. (2 =m?) ,,
B L T O e TR
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PHU LUC 4: PHUONG PHAP LAP TRINH SAI PHAN
HOUU HAN CHO DAO HAM SO

Trong phu luc, van dé phuong phéap lap trinh MATLAB cho bai toan xap xi
dao ham bang dao ham clia da thiic noi suy dude tap trung trinh bay. Dao ham
s6 khong phai mot qué trinh chinh xac hoan toan do 16i lam tron (rounding
errors) va 16i cat bo (truncation errors) trong qua trinh tinh toan. Va vi ly do
nay ma gia tri dao ham tinh toan thong qua dao ham s6 khong bao gio chinh

xac nhu gia tri dao ham dude danh gia tai mot diém cu thé.

.3. Gidi thiéu chung

Phuong phéap duge sit dung dé tinh gan ding sé 1a xap xi sai phan hitu han,
dya trén Chudi Taylor xung quanh mot diém cu thé z. Cu the, ta cd ging tinh
gan dang cac gia tri ctia f(x + (n)h) va f(z — (n)h) v6i mot sd n 16n hon 0. Viee
gidi heé phuong trinh clia cac chudi nay dan dén xap xi cac dao ham. Diéu nay
dan dén hau qua la c6 hai loai 16i khong thé tranh khoi duge dé cap 6 trén bao

gom:
e Do 161 lam tron (do tinh todn s6 hoc clia may tinh)

e Do 16i cit bo

4. Cai dat sai phan htu han

Duya trén dinh nghia, mot xap xi Taylor cho mot ham s6 f(z) xung quanh

mot diem a

(n

@
Wy (53)

f@~ s+ L2 -+ D@ ap 4 =31

n=0
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Va néu ta xap xi mot ham ctia = + h xung quanh mot diem z

o (o 0 () (g
ftm) = g+ Z ¢ By oS D e )

n=0

Ta c6 thé tim dudge dao ham cap mot bang cach lay hiéu ciia khai trien ham

flz+h) va f(z—)
h3
f(:c—l—h)—f(:c—h)z2lhf’(:z:)ngf”'(:c)—l—...} (55)

Va dé dang thay ducc

, flx+h)—flx—h) 1 [n3,, flx+h)—flx—h) h?
f(z) ~ ( )Qh ( )_E (?f (x)—l—)z ( )2h ( )_E

(56)
Dé xéac dinh do chinh xéc clia phép xap xi, ta c6 dinh z va thay doi A, ta c6
thé gia sit rang 16i cit bé nhu sau:
fle+h)— fx—h)

P~ =D o) (57)

vi hau nhut A nhé hon 1, nén sd6 mii clia h cang nhé thi phép xap xi cang chinh
Xac.

Céc phép tinh gan ding c6 thé duge thie hién theo cach "trung tam", dya
trén viéc tinh cac diém f(z + h) vd f(z — h) v6i 2 nam & tam ciia hai diém nay.

Hinh (1) minh hoa ¥ tudng nay.

.4.1. Sar phan htu han lu

Phuong phéap sai phan hitu han 1ui (finite backward difference) st dung gia

tri han tai  v& 2 — h. Ham duéi day cai dat phuong phap bang MATLAB.

function bfd = backwardFiniteDifference(f, x, h, m, n)

/i Backward Finite Difference Calculation
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central-difference
A backward-difference

forward-difference

f(x)

X—AX X X+ AX

Hinh 1: Minh hoa sai phan tién, sai phan lui, va sai phan trung tam

/4 Inputs:

2

f: function handle

2

z: evaluation point

NS

h: step size

NS

m: derivative order (1 for first derivative, 2
for second)

VA n: accuracy order (1 for O0(h), 2 for O0(h"2))

/4 Output:
VA bfd: backward finite difference approximation
VA of the dertivative

4 Validate tinputs
ifm>2 || n>2
error('m and n must be <= 2');

end
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coefficients = [
NaN, NaN, 1, -1;7 First derivative, O0(h)
NaN, 3/2, -2, 1/2;/ Second derivative, 0(h~2)

1;
coefficients(:, :, 2) = [
NaN, 1, -2, 1;/ First derivative, O0(h"2)
2, -5, 4, -1;/ Second derivative, O0(h"2)
1;

/4 Extract coefficients for the
/4 specified derivative order and accuracy
c = coefficients(n, :, m);

= c¢c(~isnan(c));

(@]

/4 Calculate the backward finite difference
bfd = 0;
for i = 1:1length(c)

bfd = bfd + c(i) * f(x - (i-1) * h);
end
bfd = bfd / (h"m);

end

.4.2. Sai phan h@u han tién

Phuong phap sai phan hitu han tién (finite forward difference) stt dung gia

tri han tai 2 va 2 + h. Ham dudi day cai dit phuong phap bang MATLAB.

function ffd = forwardFiniteDifference(f, x, h, m, n)

/4 Forward Finite Difference Calculation
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(\)

4 Similar wvalidation and structure as
backwardFiniteDifference function

% Inputs:

% f: function handle

% z: evaluation point
% h: step size
A m: derivative order (1 for first derivative, 2

for second)
VA n: accuracy order (1 for O0(h), 2 for O0(h"2))
/4 Output:

VA ffd: forward finite difference approximation

A of the derivative
ifm>2 || n>2

error('m and n must be <= 2');

end
coefficients = [
-1, 1, NaN, NaN;/ First derivative, 0(h)
-3/2, 2, -1/2, NaN;/ Second derivative, O0(h~"2)
1;
coefficients(:, :, 2) = [
1, -2, 1, NaN;/ First derivative, O0(h~2)
2, -5, 4, -1;7 Second derivative, O0(h"2)
1;
c = coefficients(n, :, m);
c = c(Tisnan(c));
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ffd = 0;
for i = 1:length(c)
ffd = ffd + c(i) * f(x + (i-1) * h);
end
ffd = ffd / (h~"m);

end

.4.3. Dao ham cdp maot trung tam

Va duya trén sai phan httu han tién (finite forward difference) va sai phan httu
han 1ui (finite backward difference), ta c¢6 sai phan trung tam cho dao ham céap

mot nhu sau:

function fcd = firstCenteredDerivative(f, x, h)
/s Calculate the first centered derivative
fcd = (f(x+h) - f(x-h)) / (2xh);

end

.4.4. Dao ham cép hai trung tam

Va duya trén sai phan hitu han tién (finite forward difference) va sai phan hitu
han lui (finite backward difference), ta ¢6 sai phan trung tam cho dao ham cap

hai nhu sau:

function scd = secondCenteredDerivative(f, x, h)
/i Calculate the second centered derivative
scd = (f(x+h) - 2xf(x) + f(x-h)) / (h~2);

end

.5. Thiét 1lap thuc nghiém véi ham sé cu thé

Ta stt dung ham sin(z) dé tién hanh thiyc nghiem.
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/4 Define symbolic wariable and function
sSyms X;

f(x) = sin(x"2);
/s Convert symbolic function to MATLAB function
4 for numerical evaluation

funcl = matlabFunction(f);

/4 Initialize parameters for step stize wvartation

pow = 0.6; /7 h ezpansion factor

lim = 50; J h highest exzponent

i = 1:1im;

/4 Generate hs = [h"1, "2, ..., h-lim]

hs = arrayfun(@(x) double(pow~"x), 1i);

% Point of evaluation

x_eval = 2;

.6. Sai phan httu han trung tam

Ta tinh toan gia tri dao ham ding cho dao ham cap mot va cap hai.

/4 Calculate the actual wvalues of the first and

/4 second derivatives at

% First derivative

df _actual = double(subs(diff(f, 1), x, x_eval));
% Second derivative

d2f_actual = double(subs(diff(f, 2), x, x_eval));
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4 Initialize arrays for errors and approzimations
errors = zeros (10, length(hs));

approximations = zeros(l, 10);

/4 Table to store the minimum error for each method

minErrors = zeros (10, 2);

Lip qua moi gia tri clia h, ta tinh toan do 16i cho cdc phuong phap sai phan

httu han.

/4 Loop over each h wvalue to calculate errors for

different differentiation methods

for j = 1:length (hs)
h = hs(j); 7/ Current step size

/4 Calculate approzimations for first and second
derivatives

4% Centered first derivative - O0(h"2)

approximations (1) = firstCenteredDerivative (funcl,

x_eval, h);
4% Centered second dertivative - O0(h~2)
approximations (2) = secondCenteredDerivative (funcl

, x_eval, h);

A% Forward Finite first derivative - O(h)

approximations (3) forwardFiniteDifference (funcl,

x_eval, h, 1, 1);

A% Forward Finite first derivative - 0(h~2)
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approximations (4) = forwardFiniteDifference (funcl,

X_eval, h, 1, 2);

AN Forward Finite second derivative - O0(h)
approximations (5) = forwardFiniteDifference (funcl,

x_eval, h, 2, 1);

4% Forward Finite second derivative - 0(h~2)
approximations (6) = forwardFiniteDifference (funcl,

x_eval, h, 2, 2);

4% Backward Finite first derivative - O0(h)
approximations (7) = backwardFiniteDifference (funcl

, x_eval, h, 1, 1);

4% Backward Finite first derivative - 0(h~2)
approximations (8) = backwardFiniteDifference (funcl

, Xx_eval, h, 1, 2);

A% Backward Finite second derivative - 0(h)
approximations (9) = backwardFiniteDifference (funcl

, x_eval, h, 2, 1);

A% Backward Finite second derivative - 0(h~2)
approximations (10) = backwardFiniteDifference (

funcl, x_eval, h, 2, 2);

/ Calculate and store relative errors

/4 for each approximation
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for i = 1:10

if mod(i, 2) == 1 J 0dd indices for first
derivative
errors(i, j) = abs(approximations(i) /
df _actual - 1);
else / Even indices for second derivative
errors(i, j) = abs(approximations(i) /
d2f_actual - 1);
end

end

end

Tryc quan héa két qua cho sai phan trung tam ctia dao ham cap mot bang

/4 Plotting the error for the first centered dertvative
approxzimation
figure;

loglog(hs, errors(1l,:), 'r-*x');

hold on;
[minError, idxMinError] = min(errors(1l,:));
loglog(hs(idxMinError), errors(l,idxMinError), "ro", '

MarkerSize', 7, 'LineWidth', 3);
set (gca, 'XDir', 'reverse');
xlabel ("h (step size)");
ylabel ("Relative Error (7)");

title("Error vs. step size h for central finite

difference of first derivative", 'FontSize',6 12);
legend ("f~{(1)}(x) + 0(h~2)", "Min error");
minErrors (1, :) = [hs(idxMinError), errors (1,

idxMinError)];
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hold off;

o Error vs. step size h for central finite difference of first derivative

—F— B + O(h?)
Min error

10°®

Relative Error (%)

10° 102 10 10° 10 1010 10°

h (step size)

Hinh 2: Sai phan trung tam cho dao ham cip mot

/4 Plotting the error for the second centered
derivative approximation

figure;

loglog(hs,errors(2,:), 'r—-*")

hold on;

[7,idx] = min(errors(2,:));

loglog(hs(idx) ,errors(2,idx) ,"r o", 'MarkerSize',7,"
LineWidth',3)

set (gca, 'XDir ', 'reverse ')

xlabel ("h (step size)")

ylabel ("Relative Error (7)")
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[t,”] = title("Error vs length of h for central finite
difference of second derivative",' ');

t.FontSize = 12;

legend ("f~{(2)}(x) +0(h~2)","min error")

tabErrors (2,1)= hs(idx);

tabErrors (2,2)= errors(2,idx) ;

hold off

Error vs length of h for central finite difference of second derivative

—— 1) +0(h?)
104 E O  minerror

106 T T T T T

100 F .

Relative Error (%)

h (step size)

Hinh 3: Sai phan trung tam cho dao ham cdip hai

.7. Phan tich sai phan tién hitu han

figure;
loglog(hs,errors(3:4,:) ,"-x")
hold on
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[7,1idx] = min(errors(3,:));

loglog(hs(idx) ,errors(3,idx) ,"b o", 'MarkerSize',7,"
LineWidth',3)

tabErrors (3,1)= hs(idx);

tabErrors (3,2)= errors (3, idx);

[7,1idx] = min(errors(4,:));

loglog(hs(idx) ,errors (4, idx) ,"r o", 'MarkerSize',7,"
LineWidth',3)

tabErrors (4,1)= hs(idx);

tabErrors (4,2)= errors(4,idx);

set (gca, 'XDir ', 'reverse ')

xlabel ("h (step size)")

ylabel ("Relative Error (%))

[t,”] = title("Error vs length of h for Forward Finite

Difference of first derivative",' ');

t.FontSize = 12;

legend ("£f~{(1) }(x) +0(h)","£~{(1)}(x) +0(h~2)","min
error (h)","min error (h~2)")

hold off
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Error vs length of h for Forward Finite Difference of first derivative
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10° 0 3

10—9 ] ] | | |
100 10°
h (step size)

10°

Hinh 4: Sai phan tién cho dao ham cap mot

figure;

loglog(hs,errors(5:6,:) ,"-*")

hold on

[7,1idx] = min(errors(5,:));

loglog(hs(idx) ,errors(5,idx) ,"b o", 'MarkerSize',7,"
LineWidth',3)

tabErrors (5,1)= hs(idx);

tabErrors (5,2)= errors(5,idx) ;

[7,idx] = min(errors(6,:));
loglog(hs(idx) ,errors(6,idx) ,"r o", 'MarkerSize',7,"'

LineWidth',3)
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set (gca, 'XDir ', 'reverse ')

xlabel ("h (step size)")

ylabel ("Relative Error (7)")

[t,s] = title("Error vs length of h for Forward Finite

Difference of second derivative", ' ');

t.FontSize = 12;

legend ("f~{(2) }(x) +0(h)","£~{(2)}(x) +0(h~2)","min
error (h)","min error (h~2)")

tabErrors (6,1)= hs(idx);

tabErrors (6,2)= errors(6,idx) ;

hold off

Error vs length of h for Forward Finite Difference of second derivative

*
—+— 1% +0(h)
— e «[2) 2,
40 00 +0(h7) | 4
10 ©  minerror (h)
min error (hz)
10 ¢ .
gi 10° b .
S
w .20 ]
D10
2
K
Q
@ 10*} 4
10° 4
108+ 4
10—10 | | | | |
10° 107 10 108 10°® 10710 10712

h (step size)

Hinh 5: Sai phan tién cho dao ham cap hai
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.8. Phan tich sai phan lui hiu han

figure;

loglog(hs,errors(7:8,:) ,"-%")

hold on

[7,1idx] = min(errors(7,:));

loglog(hs(idx) ,errors(7,idx) ,"b o", 'MarkerSize',7,"
LineWidth',3)

tabErrors (7,1)= hs(idx);

tabErrors(7,2)= errors (7, idx);

[7,1idx] = min(errors(8,:));

loglog(hs(idx) ,errors(8,idx) ,"r o", 'MarkerSize',7,"
LineWidth',3)

set(gca, 'XDir', 'reverse ')

xlabel ("h (step size)")

ylabel ("Relative Error (7)")

title("Error vs length of h for Backward Finite
Difference of first derivative",' ')

legend ("£~{(1)}(x) +0(h)","f~{(1)}(x) +0(h~2)","min
error (h)","min error (h~2)")

tabErrors (8,1)= hs(idx);

tabErrors (8,2)= errors (8, idx) ;

hold off
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Error vs length of h for Backward Finite Difference of first derivative

10l T T T T
i —+— 1M +on)
100 F +f(1)()() +0(h2) E
©  min error (h)
° min error (h?
100 E )]
107 | 1
glca- 1
S
W40 ]
10
2
E -5
2 10°F .
10%F 1
107 F 3
108 F 1
10° 1072 107 10°® 108 10710 1012
h (step size)
Hinh 6: Sai phan lui cho dao ham cap mot
figure;

loglog(hs,errors(9:10,:) ,"-%"

hold on

[7,idx] = min(errors(9,:));

loglog(hs(idx) ,errors (9, idx) ,"b o", 'MarkerSize',7,"
LineWidth',3)

tabErrors (9,1)= hs(idx);

tabErrors(9,2)= errors (9, idx);

[7,idx] = min(errors (10,:));
loglog(hs(idx) ,errors (10, idx) ,"r o", 'MarkerSize',7,"
LineWidth',3)
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set (gca, 'XDir ', 'reverse ')

xlabel ("h (step size)")

ylabel ("Relative Error (7)")

title("Error vs length of h for Backward Finite

Difference of second derivative",'

1)

legend ("f~{(2)}(x) +0(h)","f~{(2)}(x) +0(h~2)","min

error (h)","min error (h~2)")

hold off
Error vs length of h for Backward Finite Difference of second derivative
10® T T T T
— 1@ +ofn)
6L @9 vom?) | ]
10 min error (h)

Relative Error (%)

min error (hz)
k.3

6

100
h (step size)

10

Hinh 7: Sai phan lui cho dao ham cap hai

64

10




Tén phuong phap Do 16i nhé nhat Do 161 tuong
d6i nho nhat
Sai phan hitu han cap 1 O(h?) 1.7058e-06 2.6423e-11
Sai phan hitu han cap 2 O(h?) 6.0936e-05 3.4290e-09
Sai phan hitu han tién cap 1 O(h)  6.1887¢-09 8.0898e-09
Sai phan hitu han tién cap 1 O(h?)  2.8430e-06 1.3405e-11
Sai phan hitu han tién cap 2 O(h)  2.8430e-06 7.7608e-06
Sai phan hitu han tién cap 2 O(h?)  1.3162e-05 5.7523e-09
Sai phan hitu han lui cap 1 O(h) 3.7132e-09 8.0898e-09
Sai phan hitu han Iui cap 1 O(h?) 6.1409e-07 1.2357e-12
Sai phan hitu han 1t cap 2 O(h) 2.8430e-06 1.5129e-05
Sai phan hitu han i cdp 2 O(h2)  3.6562¢-05 1.0195¢-08

Bdng 1: Bdan danh gid do 16i 6 nhat cho cdc phuong phdp sai phan hitu han.

.9. Phan tich do 15i

.9.1. Danh gid do 16i nhat

.9.2. Phan tich do 16i cho xap xi dao ham cdp maot

pre = 2:2:14; ) Preciston levels: 2, 4,
14

m = 1; 7 Order of dertivative

hs = arr(1:30); / Assuming 'arr'

elsewhere to generate hs

/4 Initialize error matrizc

error = zeros (length(pre), length(hs));
for idx = 1:length(pre)
n = pre(idx);
n_coefs = 2xfloor ((m+1)/2)-1+n; p =
A = power(-p:p, (0:2xp)');
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b = zeros (2*xp+1,1);
b(m+1) = factorial(m);
c = A\b; /7 Coefficients for the finite difference

approxzimation

for j = 1:length(hs)
h = hs(j);
k = -p;

ffd_val = 0;
for cof = ¢

ffd _val = ffd_val + cof * funcl(x_eval + k

* h);
k =k + 1;
end
ffd_val = ffd_val / (h~m);

/s Calculate and store the relative error for
the current preciston and step stize
error (idx, j) = abs((ffd_val - df_actual) /
df _actual) ;
end

end

figure

1(1) = loglog(hs,error(1l,:),"b-x");
hold on

1(2)
1(3)
1(4)

loglog(hs,error(2,:) ,"r-*x");

loglog(hs,error(3,:) ,"g-*");

loglog(hs,error(4,:) ,"m-%*");
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1(5)
1(6)
1(7)

set (gca, 'XDir', 'reverse');

[7,1idx] = min(error(1,:));

loglog(hs(idx) ,error(1,idx) ,"b

LineWidth',3)

[7,1idx] = min(error(2,:));

loglog(hs(idx) ,error(2,idx) ,"r

LineWidth',3)

[7,idx] = min(error(3,:));

loglog(hs(idx) ,error(3,idx) ,"g

LineWidth',3)

[,idx] = min(error(4,:));

loglog(hs(idx) ,error (4, idx) ,"m

LineWidth',3)

[7,1idx] = min(error(5,:));

loglog(hs(idx) ,error(5,idx) ,"c

LineWidth',3)

[7,1idx] = min(error(6,:));

loglog(hs(idx) ,error(6,idx) ,"y

LineWidth',3)

[minV,idx] = min(error(7,:));

loglog(hs(idx) ,error(7,idx) ,"k

LineWidth',3)
xlabel ("h (step size)")
ylabel ("Relative Error (7)")

title ("\fontsize{10}Error of central finite difference

for the first derivative for differents precisions
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>

b

b

b

b

loglog(hs,error(5,:) ,"c-*");
loglog(hs,error(6,:) ,"y-*x");
loglog(hs,error(7,:) ,"k-x");

'MarkerSize

'MarkerSize

'MarkerSize

'MarkerSize

'MarkerSize

'MarkerSize

'MarkerSize




n’u |)

legend(1(1: 7),'h~2','h~4','h~6','h~8"','h~{10}','h
~{12}','h~{14}");

hold off

Error of central finite difference for the first derivative for differents precisions
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Hinh 8: Phan tich do 10i cia sai phan hitu han trung tam cho dao ham cap
mot

Hinh (8) minh hoa do 16i clia sai phan hitu han trung tam cho dao ham cap
mot v6i cac bac chinh xac khac nhau. Bat chap nhitng phan tich da dé cap ve
O(h) so v6i O(h?). Khi c6 ging ting bac chinh xéc, ching ta khong thé ting
do chinh xac lén qua nhieu. Duya trén hinh vé truc quan, ta dé dang thay duogc
xuat hién 16i lam tron, vi vay ta sé can danh gia it gia tri ctia h hon va khong
giam né qua nhiéu dé dat dugce xap xi tot nhat. Tuy nhién, do do chinh xac han

ché ctia do chinh xac kép ctia s6 hoc IEEE 754 (va céc s6 trong may tinh noi
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chung), khi mitc do chinh xac tang lén, cudi cing ching ta sé dat dén 16i lam
tron nhanh dén mtc khong c¢é cach nao gidm h dé giam phan do 16i cit bo clia

xap xi Taylor.

.9.3. Phan tich do 16i cho xdp =i dao ham cdp hai

pre = 2:2:14; J Prectistion levels: 2, 4, 6, 8, 10, 12,
14

m = 1; / Order of dertivative
hs = arr(1:30); / Assuming 'arr' 4s correctly defined

elsewhere to generate hs

/4 Initialize error matric

error = zeros(length(pre), length(hs));

for idx = 1:length(pre)

n pre (idx) ;

n_coefs = 2xfloor ((m+1)/2)-1+n; p = (n_coefs-1)/2;

A

power (-p:p, (0:2xp)');
b

zeros (2xp+1,1) ;
b(m+1) = factorial(m);
c = A\b; / Coefficients for the finite difference

approxzimation

for j = 1:length(hs)
h = hs(j);
k = -p;
ffd_val = 0;
for cof = c!
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ffd _val = ffd_val + cof * funcl(x_eval + k
* h);

end

ffd_val = ffd_val / (h~m);

/s Calculate and store the relative error for
the current preciston and step stize
error (idx, j) = abs((ffd_val - d2f_actual) /
d2f_actual) ;
end

end

figure

1(1) = loglog(hs,error(1l,:),"b-x");
hold on

1(2)

loglog(hs,error(2,:) ,"r-*");

1(3) = loglog(hs,error(3,:),"g-*");

1(4) = loglog(hs,error(4,:),"m-*");

1(56) = loglog(hs,error(5,:),"c-*");

1(6) = loglog(hs,error(6,:),"y—*");

1(7) = loglog(hs,error(7,:),"k—-*");

set (gca, 'XDir', 'reverse');

[7,idx] = min(error(1,:));

loglog(hs(idx) ,error(1,idx) ,"b o", 'MarkerSize',8,"
LineWidth',3)

[7,1idx] = min(error(2,:));

loglog(hs(idx) ,error(2,idx) ,"r o", 'MarkerSize',8,"
LineWidth',3)
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[7,1idx] = min(error(3,:));

loglog(hs(idx) ,error(3,idx) ,"g o", 'MarkerSize',8,"
LineWidth',3)

[,idx] = min(error(4,:));

loglog(hs(idx) ,error (4, idx) ,"m o", 'MarkerSize',8,"
LineWidth',3)

[7,1idx] = min(error(5,:));

loglog(hs(idx) ,error(5,idx) ,"c o", 'MarkerSize',8,"
LineWidth',3)

[7,1idx] = min(error(6,:));

loglog(hs(idx) ,error(6,idx) ,"y o", 'MarkerSize',8,"
LineWidth',3)

[minV,idx] = min(error(7,:));

loglog(hs(idx) ,error(7,idx) ,"k o", 'MarkerSize',8,"
LineWidth',3)

xlabel ("h (step size)")

ylabel ("Relative Error (%)")

title ("\fontsize{10}Error of central finite difference
for the second derivative for differents precisions
",

legend(1(1: 7),'h~2','h~4','h~6', 'h~8', h~{10}','h
~{12}','h~{14}");

hold off
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Error of central finite difference for the second derivative for differents precisions
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Hinh 9: Phan tich do 167 ciia sai phan hiu han trung tam cho dao ham cdip hai

Hinh (9) minh hoa tuong tu v6i do 16i sai phan hitu han trung tam cho dao
ham cap hai v6i cac bac chinh xac khac nhau. Nhan dinh tuong tu véi truong

hop dao ham cap mot ciing dudge rit ra.

.10. Két luan

Phuong phép s6 sai phan hitu han c6 thé cho ta nhitng xap xi rat t6t vé dao
ham clia mot ham, tuy nhién ching ta phai tinh dén hai nguon sai s6 ma ta da

dé cap ¢ phan dau.

72



.11. Nhan xét ve do6 16i cat bo

Do 161 cat bd 1a mot loai do 16i ty nhién d6i véi bat ky phuong phap nao xuat
phat tit Chudi Taylor khong hoi tu ho#ic bi cat cut (nhu trudong hgp sai phan
httu han). Diéu duy nhat ta c6 thé lam dé gidm 16i cit ngan nay 14 chon mot h
rat nhé. Nhung viéc chon mot bude rat nhé xung quanh = dé xap xi dao ham

s¢ dan dén nguon sai s6 thit hai.

.12. Nhan xét ve do 16i lam tron

Do chinh xac clia cac s6 trong may tinh luon 1a hitu han va khong gidng nhu
cac ngon ngit khac, bo nhé danh cho s6 hoc trong MATLAB bi han ché.

Do chinh xac kép dude cung cap béi cac con s6 trong MATLAB cho phép ta
stt dung h kha nho trude khi phat sinh 16i lam tron. Nhung phai luu § rang, ta
cang c6 nhiéu s6 hang st dung h va cang thyc hién nhiéu thao tac v6i né thi sai

s6 lam tron sé cang l6n.

.13. Cac két qua dat dudgc

Ta c6 thé két luan rang h t6t nhat dé c6 dude do chinh xac t6t nhat 1a h cang
nhé cang t6t ma khong gay ra 16i lam tron. Vé mat 1y thuyét, h c6 thé dudc
tinh gan ding bang cach cong phan du Lagrange cting véi sai s6 lam tron tuong
duong vé6i h duge st dung trong ham dé xap xi. Tuy nhién, ta can dao ham sau
hon dao ham ma ching ta dang tinh gan ding dé thu dugc h 1y thuyét néi tren,
vi vay viéc tinh h nay vé mit 1y thuyét 1a khong thuc té.

Két qua quan trong ctia bao cdo nay tra 10i cau héi sau: Néu viec tang do
chinh xac clia sai phan hitu han lam cho 16i c&t cut xudt hién sém hon (khi
chiing ta lam cho h nhd hon), tai sao sai s6 lai nhé hon khi chiing ta tang céc
gia tri? cac he s6 stt dung h? Tic 1a khi ching ta tang do chinh xac clia cac cong

thitc sai phan httu han.
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