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CHUGONG 1

MG DAU

1.1. Gidi thicu

Thuat ngit “knapsack” c¢6 nguon goc tit thé ky 17, bat nguon tit tir tiéng Dric
“knapzak”, c¢6 nghia la “tii dung thitc an”. Vao thoi diém dé, nhitng ngudi linh
thudng mang khau phan an trong mot chiéc tii deo trén lung va phai doi mit
v6i tinh huéng kho xtt khi Iya chon nhiing vat dung thiét yéu nhat ma khong
Vgt qua stic chita clia ti. Day 1a 1y do dan dén sy hinh thanh ciia bai toan nay
hay con goi la bai toan ba-16.

Bai toan ba-16 duge cong nhan va nghién citu trong linh viie Khoa hoc May
tinh vao gitta thé ky 20, khi cac nha nghién cttu bat dau tap trung hon trong
viéc nghién citu cac bai toan t6i wu hoa va thuat toan dé giai quyét ching. Viéec
xay dung va nghién ctu bai toan nay da tré nén pho bién nhu mot phan cla
linh vuc t6i wu to hgp.

Vao cudi nhitng ndm 50, George Dantzig da cong khai cong trinh tién phong
trong viéc nghién cttu bai toan ba-16. Sau do, bai toan nay dugc nghién citu
chuyén sau hon va da c6 nhiéu kham phé trong viéc ing dung né trong cong
nghiép va quan Iy tai chinh. Nhin vé mat ban chat 1y thuyét, dang bai toan ba-16
thuong xuat hién khi stt dung phép né 16ng cho nhiéu bién thé ctia bai toan quy
hoach nguyén.

Bai toan knapsack da dugc nghién cttu chuyén sau va rong rai bdéi cac nha
ly thuyét 1an tdng dung trong nhitng thap ky vita qua. Cac nha nghién ctu ly
thuyét quan tam dén ching chti yéu béi cau tric don gidn ctia bai toan ma cho

phép kham pha mot s6 tinh chat thd vi clia to hop va cac tng dung ctia n6 trong



viéc giadi quyét cic bai toan toi uu phiic tap thong qua vieéc mo hinh thanh mot
chudi cac loai bai toan knapsack lién hoan. Bén canh d6, dudi géc nhin thuyc
hanh, cac bai toan nay c6 thé moé hinh nhiéu van dé trong cong nghiép: ngan
sach von, xép hang, v cat hang ton kho.

Mac du thoat nhin bai toan Knapsack c6 vé don gian, nhung n6 da dugc
chiing minh 1a thuoc nhém cac bai toan NP-day du, titc 1a khong c6 thuat toan
da thiic ndo c6 thé giai quyét bai toan nay mot cach t6i wu trong moi trudsng
hop. Diéu nay khién bai toin Knapsack trd nén quan trong va thu vi doi véi ca
nhitng ngudi nghién cttu 1y thuyét va nhitng nha thyc hanh tim kiém giai phap
toi uu trong cac tinh hudng thuec té.

Trong tiéu luan nay, ching ta sé di sau tim hiéu vé ban chat ctia bai toan
Knapsack, cac phuong phap gidi quyét phd bién, va nhing tng dung thuc tién
clia n6. Dong thoi, ching ta cling sé xem xét cac bai toan mdé rong va phiic tap

hon xuat phat tit bai toan Knapsack goc.

1.2. Ly do chon deé tai

Ly do lua chon bai toan Knapsack lam dé tai cho tiéu luan xuat phat tit su
quan trong va tinh tng dung rong rai ctia né. Bai toan khong chi gitp hiéu ro
hon vé cac van dé t6i uu hoa, ma con cé nhitng tng dung trong nhiéu linh vyc
dsi sébng. Trong cong nghé thong tin, bai toan Knapsack cé thé dude 4p dung
trong quan 1y tai nguyén may tinh, téi vu hoéa viec Iuu trit dit lieu va bado mat
thong tin. Trong kinh té v& quan 1y, bai toan nay hé trg viec ra quyét dinh lien
quan dén phan bo nguodn luc sao cho hieu qua.

Ngoai ra, v6i su phét trién ctia cac thuat toan may tinh, viec tim kiém cac
gidi phap gan ding ho#ic giai phap t6i wu hoa hiéu qua cho bai toan Knapsack
ngay cang tréd nén quan trong. Nghién citu va hiéu r6 hon vé cac phuong phéap

nay sé mang lai nhiéu gia tri trong viéc phat trién cac ting dung thuc tién.



1.3. Muc tiéu ctia dé tai

Tiéu luan nay huéng dén viéc tra 16i nhitng cau hoi chinh sau:

e Ban chat clia bai toan Knapsack 1a gi? Tai sao né lai duge coi 1a mot bai

toan 7

e Cac phuong phap giai bai toan Knapsack phd bién la gi, va mdi phuong

phap cé nhitng wu diem va nhuge diém nao?

e Bai toan Knapsack c6 nhitng bién thé nao va cac bién thé nay dude ap dung

ra sao trong thuc té?

e C6 nhitng tng dung thuc tién nao ctia bai toan Knapsack trong cac linh

viic clia doi song?

Muc tiéu cla tiéu luan la cung cAp mot cai nhin tong quan va chi tiét vé bai
toan Knapsack, tit Iy thuyét dén ing dung, ciing nhu cdc phuong phap gidi quyét

hiéu qua cho cac bai toan thuc té.

1.4. Phuong phap nghién citu

Tiéu luan sé st dung céc phuong phap nghién citu sau dé phan tich bai toan

Knapsack:

e Nghién citu ly thuyét: Thu thap v phan tich céc tai liéu, sach, bai bao
khoa hoc liéen quan dén bai toan Knapsack, cac thuat toan gidi va cic tng

dung thuec tién.

e Phan tich thuat toan: Trinh bay va danh gia cac thuat toan pho bién nhu
quét can (duyét toan bo), (dynamic programming), va (greedy algorithm)

trong viéc giai bai toan Knapsack.

e Vi du minh hoa: St dung cac vi du cu thé dé gidi bai toan Knapsack
bang ciac phuong phap khac nhau, tit d6 so sanh va danh gia hiéu qua cia

ting phuong phap.



e Thuc nghiém: Hién thic hoa thuat toan bang ngon ngit 1ap trinh.

1.5. Phan céng cong viéc

STT Cong viec Nguoi thyc hien Két qua

1 Khéi tao bao cao Nam Hoan thanh
2 Soan co s6 Iy thuyét  Thanh Hoan thanh
3 Mo hinh bai toan Thanh Hoan thanh
4 Mo6i lien he gitta Nam Hoan thanh

dang cuc tiéu va
dang cuc dai ctia bai

toan

4 Nai long Nam Hoan thanh
Larange

5 Cai thién cac chan  Thanh Hoan thanh
cho bai toan

5 Thuat toan tham lam Nam Hoan thanh

5 Thuat toan quy  Thanh Hoan thanh

hoach dong - khtt
cac trang thai bi
thong tri
5 Thuat toan quy Nam Hoan thanh
hoach dong - Thuéat
toan Horowitz-Sahni

) Thuat toan quy  Thanh Hoan thanh
hoach dong - Thuéat
toan Toth

5 Cai dat cac thuat  Thanh Hoan thanh
toan bang python

5 Kiém thtt va danh  Nam Hoan thanh

gia thuat toan

Bdng 1.1: Bdng phan cong do dn



CHUGNG 2

CO SO LY THUYET

Chuong ndy cung cap nén tang 1y thuyét cho bai toan Knapsack, bao gom
cac dinh nghia, phan loai va cac ting dung 1y thuyét ctia bai toan. N6 gitp nguoi
doc nam bat duge cac khai niem co ban trude khi di sau vao cac phuong phap

giai va tng dung thuc tién.

2.1. Phat biéu bai toan

Bai todn Knapsack (con goi la bai todn cai ba-16) 14 mot trong nhiing bai
toan co ban trong 1y thuyét t6i wu hoa to hop. Dat bai toan trong béi canh chon
cac vat pham cé gia tri va trong luong khac nhau dé bd vao mot céi tii co gisi
han dung luong sao cho tong gia tri clia cdc vat pham trong tudi la 1én nhat ma
khong vugt qua trong lugng gidi han. Bai toan dude phat biéu nhu sau:

Cho mot tap hop gom n vat pham, mdi vat pham chia hai thong sé nhu sau:
e Trong luong ciia vat pham, ky hieu 1a w;.
e Gia tri ctia vat pham, ky hieu 1a p;.

Muc tiéu ctia chiing ta la chon mot sé vat pham sao cho tong trong luong clia
cac vat pham dudc chon khong vugt qua dung lugng ctia tai W, va tong gié tri
clia ching 1 16n nhat.

Bai toan nay c6 thé dugc biéu dién dudi dang phuong trinh téi wu hoa:

n
max E DiT;
)



thod man rang budc:

n
Zwixi sao cho x; € {0,1}
i

O day z; 1a bién nhi phan, cho biét lieu vat phdm i ¢6 duge chon (1) hay
khong (0).

2.2. Phan loai bai toan Knapsack

Bai toan Knapsack c6 nhiéu bién thé dya trén cach chon vat pham va dic

diém ctia cac vat pham. Duéi day 1a mot s6 bién thé dua trén bai toan goc:

a. Bai toan Knapsack 0/1 (0/1 Knapsack Problem): Day la bién thé
phd bién nhéat ciia bai toan Knapsack. Méi vait pham chi ¢6 thé duge chon
hodac khong chon, tiic 1a z; € {0,1}. Khong thé chon mot phan clia vat pham.
Day 1a bai toan NP-day du.

b. Bai toan Knapsack chia nhé (Fractional Knapsack Problem): Trong

bai toan nay, ta c6 thé chon mot phan clia vat pham, tic 1a z; € [0,1].

c. Bai toan Knapsack nhiéu chiéu (Multi-dimensional Knapsack Prob-
lem - MKP) bai toan Knapsack nhiéu chiéu mé rong bai toan Knapsack
co ban sang trudng hgp c¢6 nhiéu rang budc vé tai nguyén (vi du: thoi gian,
dung lugng, ngan sach), thay vi chi giéi han mot dung lugng nhu trong bai

toan Knapsack thong thuong.

d. Bai toan Knapsack da muc tiéu (Multi-objective Knapsack Prob-
lem): Trong bai todn nay, ta khong chi t6i utu héa mot gia tri (nhu tong gia
tri clia cac vat pham) ma con phai t6i wu héa nhiéu muc tiéu khac nhau,

chéng han nhu ca gia tri va chi phi bao tri.

Tuy c6 rat nhiéu bién thé nhung do bi giéi han vé thoi gian nghien ctiu, do dé

trong khuon kho ctia tiéu luan nay, chiing toi chi chon bai todn 0/1 Knapsack
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(bai toan gbc) dé thyc hién nghién citu, phan tich va danh gia, nhitng bién thé

khac sé la nhiing bai toan sé duge nghién cttu trong tuong lai.

2.3. Cac khai niém va dinh nghia co ban

e Dung lugng tii (c): La gidi han vé tong trong lugng ma tii c6 thé chita.

Day la rang budc chinh trong bai toan Knapsack.
e Trong luong (w;): Trong lugng clia mdi vat pham i. Néu tong trong liugng

clia cac vat pham duge chon vugt qua dung luong W, giai phap sé khong
hop lée.

e Gia tri (p;): Gia tri ctia méi vat pham 7. Muc tieu la t6i da héa tong gia
tri ctia cac vat pham duge chon.

e Bién nhi phan (z;): Trong bai toan Knapsack 0/1, bién nay thé hién viéc
chon hay khong chon vat pham i.

e Bai toan P: 13 16p bai toan quyét dinh c6 thé duge gidi quyét trong thoi
gian da thiic.

e Bai toan NP: NP i I6p bai toan quyét dinh ma dé xac nhan cau tra loi
la “yes” clia no, ¢ thé dua ra bang chiing ngin gon dé kiém tra.

e Bai toan NP-day di: Bai toan dugce goi la NP-day di néu né théa man

ca hai diéu kién sau:

— N6 thudc NP.

— N6 1a : Mot bai toan A dudce goi 1a NP-khé néu nhu sy ton tai thuat
toan da thiic dé giai n6 kéo theo sur ton tai thuat toan da thic dé giai

moi bai toan trong NP.



2.4. Cac tng dung cua bai toan Knapsack

Bai toan Knapsack xuat hién trong nhiéu tinh huéng thyc té doi héi toi wu
hoéa tai nguyen, chi phi, hodc cac nguon luc khac. Duéi day 1a mot sé ting dung

dién hinh:

e Quan ly du an: Khi ¢6 nhiéu nhiém vu véi miic do quan trong va yéu cau
tai nguyén khac nhau, bai toan Knapsack gitip xac dinh cac nhiém vu nao
nén duge thyc hién dé téi da héa gia tri du an trong khi khong vuot qua

tai nguyén san co.

e T6i wu héa kho hang va van tai: Trong linh vyc van tai, bai toan
Knapsack gitap lua chon hang héa dé van chuyén vé6i gia tri cao nhat ma

khong vuot qua trong tai cta xe.

e Lap lich cong viéc: Trong lap lich, bai toan Knapsack c6 thé duge sit
dung dé quyét dinh céc cong viec nao nén dude thuc hién véi muc tieu toi

da hoa gia tri dau ra trong thoi gian gidi han.

e Quan 1y tai chinh ca nhan: Khi can phan bo nguon lyc (tien, thoi gian,
tai nguyen) vao nhiéu khoan dau tu khac nhau, bai toan Knapsack giup t6i

da hoéa Igi nhuan ma khong vugt qua ngan sach.

e Bdo mat va ma héa théong tin: Bai toan Knapsack ciing duge ap dung
trong cic thuat toan bdo mat nhu , noi cac tap hop trong sé va gia tri duoge

stt dung dé ma héa va gidi ma thong tin.



CHUONG 3

MO HINH BAI TOAN 0-1 KNAPSACK

3.1. Mo hinh bai toan

Bai toan 0-1 Knapsack hay Knapsack nhi phan hay ba-16 nhi phan (KP): cho

truée mot tap n mat hang va mot chiée ba-lo6 véi:

p; = loi nhuan (profit) cia mat hang 7,
w; = trong s6 (weight) clia mat hang j,

W = stic chia (capcity) ctia ba-10,

can Iita chon mot tap con ciia cac mit hang sao cho

n

maximize Z:E DT
J=1

n
subject to ZU]j.Tj <c,
J=1

rj=0 hodc 1, jeN={1,...

trong do:

1 néu vat pham j duge chon;
x5 =

0 ngudgc lai.

(3.7)

Knapsack 1a bai toan NP-day di. Dé chiing minh dié¢u nay, ching ta sé di

chiing minh théng qua hai buéc: Ching minh Knapsack thuoc 16p NP va la

NP-kho.



e Knapsack thudéc NP: Gii sit ching ta da c6 mot tap con cac vat pham

S dugc chon. Chiing ta can kiém tra hai diéu kieén:

1. Téng trong lugng ciia cac vat pham trong "S khong vugt qua gisi han
W Tinh tong trong luong ctia cac vat pham Y ies Wi VA kiém tra xem
tong nay c6 nhé hon hosic bang W khong.

2. Tinh tong gia tri ctia tap con: Tinh tong gia tri Y ies Wi va xac nhan

day la tong gia tri dugc cung cap.

C4 hai buéc trén déu cé thé thuyc hién trong thoi gian tuyén tinh theo s6
lugng vat pham n (bang cich cong don cac trong lugng va gia tri), do d6 qua
trinh xac minh c6 thé thuc hién trong thoi gian da thic. Vi vay, Knapsack
thuoc 16p NP.

e Knapsack 1a NP-khé: Dé chitng minh Knapsack 1a NP-khé, chiing ta phai
chitng minh rang moi bai toan trong NP c6 thé dudge quy giam vé bai toan
Knapsack trong thoi gian da thiic, hodic it nhat 1a mot bai toan NP-day du
c6 thé quy vé Knapsack. Mot cach dé ching minh diéu nay la thuc hien
quy giam tit bai toan Subset Sum — mot bai toan da duge ching minh 1a

NP-day du — vé bai toan Knapsack.

Bai toan Subset Sum dugc phat biéu nhu sau:

— Dau vao: Mot tap hop cac s6 nguyén duong S = ay, as, ..., a, va mot so
nguyén duong T.
— Dau ra: Tim mot tap con ctia S sao cho tong ciia cac phan t1 trong tap

con bang chinh xac 7.

Bai toan Subset Sum la mot truong hgp dac biét cua bai toan Knapsack
khi tat ca cac gia tri p; clia cac vat pham bing chinh trong luong w;. Do
d6, bai toan Subset Sum c6 thé duge chuyén doi thanh bai toan Knapsack
bing cach dit gia tri cia mdi vat pham bing trong lugng ctia né va dat gidi

han trong lugng W bang T. No6i cach khac:
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— Dit gia tri w; = w; cho mdi vat pham.

—Dat c=T.

Bay git, muc tiéu ciia bai toan Knapsack la tim tap con cac vat pham c6
tong trong luong khong vuct qua T, v6i tong gia tri cling t6i da. Trong
truong hop nay, vi gia tri bang trong luong, bai toan trd thanh tim tap con
cac trong luong ma tong cla ching biang ding 7', chinh 1a bai toan Subset
Sum. Vi Subset Sum da dugc chiing minh 1a NP-day di, va Subset Sum c¢6
thé duge quy gidm vé Knapsack trong thoi gian da thiic, didu nay ching té
rang Knapsack 1a NP-khé.

3.2. Méi lién hé giita dang cuc tiéu va dang cuc dai ctia bai toan

Khong mat tinh tong quat, ta gia st rang:

pj,wj va ¢ la cac s6 nguyén duong, (3.8)
ij > ¢, (3.9)
j=1

wj < ¢ v6i j e N. (3.10)

Néu gia st trong Biéu thiic (3.8) bi vi pham, cac phan sb c6 thé duge xit Iy bing
cach nhan v6i mot hé s6 thich hop, trong khi céc gia tri khong duong c6 thé

duge xit Iy nhu sau (Glover, 1965):
1. V6iméi j € N°={j € N:p; <0,w; > 0}, gan z; := 0;
2. V6imdi j € N' ={j € N:p; >0,w; <0}, gan z; := 1;

3. Dat Nm={j e N:p; <0,wj <0}, NT =N\ (NOUNLUN™) va

y; =1—xj,p; = —pj,w; = —w; vl je N,
(3.11)
Yi = j,pj = pj,Wj =w; VOl jeENT;
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4. Giai bai toan

n n
maximize = > pyi+ Y b (3.12)
jJEN-UNT JENIUN—
n n
subject to Z wjzr; < c— Z wy, (3.13)
JEN-UN+ JENIUN-
y; =0 hodcl, j€N UNT. (3.14)

Néu dit liu dau vao vi pham gia sit (3.9), thi hién nhién, z; = 1 v6i moi j € N;
néu ching vi pham gia st (3.10), thi 2; = 0 v6i mdi j ma thoa w; > c.
Trit khi c6 quy dinh khéc, ta luon gid dinh rang cac mat hang duge sap thi
tu theo chiéu tang dan gia tri ctia 1gi nhuan trén moi don vi trong so, tic la:
LAy S Y (3.15)
wy — we w,
Néu khong phai truong hop nay, loi nhuan va trong s6 c¢6 thé dugce tai chi s6
trong thoi gian O(nlogn) thong qua bat ky thi tuc sap xép nao.
Cho truée bat ky thé hién bai toan I nao, ta dat gia tri cia nghiem t6i uu la
z(I) hodc néu khong c6 nhap nhing gi xay ra, ta c6 thé dat don gian 1a z.
Bai toan KP luon dude xem xét trong dang cuc dai. Phien ban cyc tiéu ctia

bai toan nay,

minimize ijyj (3.16)
j=1

subject to ijyj > q, (3.17)
j=1
y; =0 hoac 1, jeN (3.18)

c6 thé dé dang bién doi thanh dang cyc dai tuong duong bang cach dit y; = 1—a;

va gidi (3.4), (3.5), (3.6) v6i ¢ = 37 | wj — ¢. Dat zmax la gia tri nghiém cilia
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bai todn, thi bai toan cic ticu c6 gid tri nghiem zmin = 7% | pj — 2 max.
Trong thuc té, viéc 4p dung céc thuat todn dé tim nghiem téi wu cho bai
toan Knapsack 0/1 thudng rat kho khan, hodic néu c6 thé gidi duge thi do phiic
tap ctia thuat toan rat 16n. Vi vay, bai toan Knapsack 0/1 thuong duge quy vé
bai toan tim nghiém t6i wu cho bai toan Fractional Knapsack, mot bién thé cho
phép chia nhé cac vat pham. Thay vi phai chon toan bo hoac khong chon mot
vat pham (nhu trong Knapsack 0/1), ta c¢6 thé chon mot phan cia vat pham.
Viéc ap dung bai toan mang lai nhiéu 1gi ich trong t6i wu hoéa, dic biét trong
nhitng truong hop ma viéc chia nhé vat pham 1a hop 1y. Nhimng lgi ich chinh bao

gom:
e Giai phap t6i uu c6 thé dat dugce thong qua thuat toan tham lam.
e Do phiic tap tinh toan thap hon so véi bai toan Knapsack 0/1.

e Tinh linh hoat cao hon trong viéc t6i uu hoa, vi c6 thé chon ting phan cia

vat pham thay vi toan bo.

e Giai phap xap xi tot cho bai toan Knapsack 0/1, vi bai toan Fractional
Knapsack cung cap mot gia tri gan véi nghiem t6i uu ctia Knapsack 0/1.
Nghiém nay c6 thé lam co sé cho cac phuong phap tim kiém nhanh can

hoac quy hoach dong.

e Fractional Knapsack cé nhiéu tng dung thuc té, chang han nhu trong van
chuyén hang hoa, phan bo tai nguyeén, va dau tu tai chinh, khi viéc chia nhd

cac nguon lyc 1a hop 1y.

Chinh vi nghi¢m ctia phuong phép nay xap xi véi nghiém ctia bai toan 0/1
Knapsack, do do, trong chuong nay chiing ta sé tap trung vao viéc phan tich cac
phuong phap tim chin trén cho bai toan Fractional Knapsack. Sau khi c6 két
qué ctia chan trén, ta sé ding né nhu la diéu kien dé loai b6t cac to hop khong
phit hop va 4p dung thuat giai nhanh can hoic quy hoach dong dé tim 15i giai

t6i wu cho bai toan Knapsack 0/1.
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3.3. Phuong phap néi 16ng va chan trén bai toan

3.3.1. Quy hoach tuyén tinh ndi léng va chan Dantzig

Mot trong nhiing néi 16ng ty nhién dau tién nhat ctia KP 1a (linear program-
ming relaxation), titc 14 bai toan knapsack lién tuc C(K P) c¢6 duge tit Biéu thitc

(3.4), (3.5), (3.6) bang cach loai bd cac rang budc toan ven trén z;:

maximize ijxj (3.19)
j=1

subject to ijxj <e, (3.20)
j=1
0<z; <1, j=1,....,n (3.21)

Gia st rang cAc mat hang duge sip thit tu theo nhu Biéu thite (3.15), duge
thém vao ba-16 lién tiép nhau cho dén khi mat hang dau tién s duge tim thay
ma khong khép. Ta goi né 1a mat hang chi chot hay phan ti chi chot (critical

item), tic 1a:
J
smin{j:2w¢>c}, (3.22)
i=1

va dé y rang, bdi vi gid dinh (3.8), (3.9), (3.10), ta c6 1 < s < n. Thi bai toan
C(KP) c6 thé dugc gidi thong qua mot tinh chat duge thiét lap bdi Dantzig
(1957) ma duge phéat biéu nhu sau day.

Dinh 1y 1. Nghiém t6i wu z cia C(KP) la

Ti=1 voi j=1,..,5—1, (3.23)
T,=0 véi j=s+1,....m, (3.24)
- _ €

xs—ws, (3.25)
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trong do:

c=c— w;j. (3.26)

Chitng minh. Dé y rang bat ky nghiém téi wu = ndo ctia C(KP) phai cyc

dai, c6 nghia la

n
E wja:j = C
Jj=1

Khong mat tinh tong quat, gid dinh rang p;/w; > pji1/wj41 voi tat ca j. Dat
z* 1a nghiém t61 wu ctia C(KP). Gid st rang, 2} < 1 v6i mot s6 k < s nao
do, thi ta phai c6 ¢} > 7, tai it nhat mot item ¢ > s. Cho truée mot e > 0 di
16n, ta co thé tang gia tri z;;, bdi lugng e nay va giam zj boi ewy/wg, thi gia
tri cia ham muc tiéu cta e(py — pywi/w,) phai duong béi vi pg/wy > py/wy.
Diéu nay 1a mau thuln véi gia thiét.

Lap luan tuong tu, ta c6 thé ching minh 2} > 0 v6i mot s6 k > s 1a hoan
toan khong thé. Do d6, z, = ¢/ws phai la cyce dai.

Chtng minh hoan tat. ]

Gia tri nghiém t6i vu ciia C(K P) nhu sau:
Z pi + (‘:p—s (3.27)

Bdi vi tinh toan ven cua p; va z;, do d6 mot chan trén hop ly z(KP) la:

= |2(C Z pj + [cw—J : (3.28)

S

trong d6 |a| dai dién cho s6 nguyén 16n nhat khong vugt qua a.
Ty 1¢ hiéu suat trong truong hop xau nhat ciia Uy 1a p(Uy) = 2. Ta c¢6 thé dé
dang chiing minh duge thong qua viée danh gia Biéu thiic (3.28), U < Z _1Dj+
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ps. Ca Zj;} p; va ps la cac gia tri kha thi cho KP, do d6 khong thé 16n hon gia
tri t6i uu z, do d6é ma véi bat ky thé hién ndo, U;/z < 2. Dé thay ring danh gia
p(U1) la chit, ta xem xét chudi cac bai toan v6i n = 2,p; = w; = py = wy =k va
c=2k—1v6i Uy =2k —1vh z =k, nén Uy/z c6 thé nhan gia tri bat ky gan vdi
2 v6i gia tri k du 16n.

R6 rang tinh toan ciia z(C(KP)) dya trén chin U; ciia Dantzig ton thoi gian
O(n) néu cac mit hang da dude sap thit ty. Néu khong, tinh toan van c6 thé 1a

O(n) néu ta st dung thi tuc tim kiém phan ti chii ch6t sau day.

3.3.2. Tim kiém phan ti& chi chét trong thdi gian O(n)

V6i mdi j € N, dinh nghia r; = p;/w;. (critical ratio) rs c¢6 thé duge x4c dinh

bdi viec quyét dinh mot phan hoach ctia N thanh J1 U JC U JO sao cho

rj >1s, VOL je€Jl, (3.29)
rj=rs, vOl jeJC, (3.30)
rj <rs, vOl jeJo, (3.31)

Z wj <c< Z wy, (3.32)

jeJ1 jeJ1uJC

Thii tuc nay duge dé xuat béi Balas va Zemel vao nam 1980, quyét dinh dan
J1 va JO bang cach st dung phép lap. Tai moi vong lap, mot gia tri tam thoi
A dé phan hoach mot tap hop cac mit hang "free" hién tai N\ (J1U J0). Khi
phan hoach cudi ciing da dugc xac dinh, phan tt chtt chét s duge xac dinh bang
cach 1ap vao stic chita con lai clia ba-16 ¢ — > jeq1 Wy VO cac mat hang trong JC
theo bat ky thit tu nao.

Viéc tim kiém trung vi ctia m phan ti tén thoi gian 14 O(m), thé nén mdi
vong lap “while” tén O(|JC|). Béi vi it nhat mot nita s6 lugng phan ti ctia JC

duge luge bo tai mdi vong lap, do phic tap thoi gian tong thé clia thi tuc la
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Algorithm 1: Thu tuc CRITICAL ITEM

Input: n,c, (pj), (w))
Output: s

1 J1:=0

2 JO:=9

3 JC:={1,...,n}

4 C:=¢C

5 partition := “no”

6 while partition := “no” do

7 Xac dinh median A ctia cac gia tri trong R = {p;/w; : j € JC}
8 G:={jeJC:pjjw; > A}
9 L:={j€JC:pjjw; <A}
10 E::{jGJC:pj/wi:)\}
11 d = Zjeij
12 "= c’—i—Zjeij
13 if ¢ > ¢ then

/* gid tri A qué nhd
14 JO:=JOULUEFE
15 JC =G
16 else

/* gid tri A qua 1lén
17 J1:=JIUGUE
18 JC =1L
19 ci=c—c’

20 J1:=J1UG

21 JO:=JOUL

22 JO := E(={e1,e2,...,e4})
23 c:=¢—(

24 0 :=min{j: Zgzl We; > C}
25 S:= e,

O(n).
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Nghiém ctia C(KP) c6 thé dudge quyét dinh ngay sau dé bdi:

;=1 v6i je JlU{er,e2,...,e5-1}; (333)

z;j =0 v6i jeJOU{est1,...,€q}; (3.34)

To=(c— > wizy | jws (3.35)
JEN\{s}

3.3.3. Noi long Larange

Mot cach thay thé dé néi long KP la st dung tiép can Larangian. Cho trudc

mot nhan t1t khong am A, (Lagrangian relaxation) ctia KP (L(KP,\)) la:

maximize ija:j + A (c — Z wja:j> (3.36)

Jj=1 J=1

subject to z;=0o0r1l, j=1,...,n. (3.37)
Ham muc tiéu c6 thé dude viét lai nhu sau:

HL(KPN) =Y pjaj + A, (3.38)
j=1

trong do p; = pj — Mw; v6i j = 1,...,n va nghiém t6i wu ctia L(KP,\) ¢6 thé dé

dang c6 dudc trong thaoi gian O(n):

1 néu p;>0,
7= ’ (3.39)

0 néu p; <0,

Khi p; = 0, gia tri ctia z; la khong xac dinh. Do d6, béi dinh nghia J(A) = {j :

18



pj/w; > A}, gia tri nghiém cta L(KP, \) 1a:

2(L(KP,\)) Z Pty + Ac. (3.40)
JEJ(N)

V6i bat ki A > 0, ton tai mot chin trén z(K P) ma c6 thé khong thé tot hon
chan U; clia Dantzig. That vay, Bicu thic (3.39) ciing cho ra nghiém ciia néi
clia L(K P, )), thé nén:

AL(KP,\) = 2(C(L(KP,\)) > 2(C(KP)). (3.41)

Gia tri clia A sinh ra gia tri nhé nhat cia z(L(KP,\)) 1a X\* = ps/ws. That
vay, vOi gid tri nay, ta cop; >0v6ij=1,....,s—1vap; <0 vlij=s,...,n, thé
nén J(A\*) C {1,...,s —1}. Do d6 ma, z; = z; v6i j € N\ {s} (trong do z; dugc
dinh nghia bdi Dinh ly 1, va tit cac Bicu thic (3.38) - (3.39), 2(L(KP,\*)) =
ST (pj — Nwj) + Xe = 2(C(KP)). Va ciing dé § riing, véi A = \*, p; trd thanh:

Pl = pj — w2, (3.42)

Ta thay |pj| la miic gidm ma ta thu duge trong Biéu thiic clia z(L(K P, "))
boi thiét 1lap 7; = 1 — 7;, va do d6 mot chan dudi (lower bound) tuong ting véi
sit gidm nay trong gia tri nghiem lien tuc (bdi vi gia tri t6i wu A thay doi boi
sy 4p dat cla cac dieu kien trén). Gia tri p}] s& rat hitu ich trong cac thiét lap

nham cai thién cac chan ctia bai toan.
3.4. Cai thién cac chan bai toan

Ta xem xét chin trén théng tri béi Dantzig, né rat hitu ich trong viéc cai
thien hiéu qua trung binh ciia cac thuat toan cho KP. Béi vi tinh chat thong tri
nay, ty 1é hiéu suat truong hop xau nhat ciia cic chan nay 1a nhiéu nhat 2. Thuyc

vay, n6 chinh xac bing 2 vi ¢6 thé dé& dang xac minh thong qua mot chudi cac
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vi tuong tu ma c6 p; = w; v6i moi j (thé nén cac chin nhan gia tri tam thuong

o).

3.4.1. Chan t& cdc rang budc bo sung

Martello v& Toth thu dugc mot chin trén théng tri dau tién so v6i Dantzig

bang cach 4p dit tinh toan ven ctia bién chii chét (critical variable) .

Dinh ly 2 (Martello va Toth, 1977). D4t:

s—1
0 _Ps+1
_ . 4
U Z p; + chHJ (3.43)
Jj=1 -
s—1
ol z;pj + | ps — (ws — @) Z‘_llJ (3.44)
j= L

trong d6 s va ¢ la cac gid tri duge dinh nghia bdi Biéu thic (3.22) va (3.26).
Thi

(a) mot chan trén 2(KP) la

Uy = max(U°, U); (3.45)

(b) véi bat ky thé hién ctia KP, ta c6 Uy < Uj.

Chitng minh. Chiing minh y (i). Béi vi z, khong thé nhan gia tri phan s,
nghiém t6i wu ctia bai toan KP ¢6 thé thu duge tit nghiem lien tuc z cia
C(KP) ma khong can them phan tit s (tic 1a, 4p diat z; = 0) hay thém n6
(tiic la, ap dat 75 = 1) va do do ta loai b6 it nhat mot trong s — 1 item
dau tien. Trong mot trudng hgp tong quat hon, nghiem t6i wu khong thé
vuot qua U° ma tuong ting véi truong hop lap day phan du ¢ véi cac item
c6 gia tri phit hop nhat ctia p;/w; (ttc 1a psi1/wsi1. Hon nita, né khong thé

vuot qua Ul trong khi d6 ta gia dinh rang item can dudc loai bo c6 gia tri

20



nhé nhét 1a w; (tidc 1a ws — ¢ va gid tri xau nhat c6 the cia p;/w; (tic 1a
Ps—1/ws—1)-

Chting minh y (ii) Danh gia U° < U ¢6 thé suy ra tryc tiép tit Biéu thiic
(3.28), (3.43) va (3.15). Dé chiing minh U! < U; ciing théa man, ta dé y
rang ps/ws < ps_1/ws_1 (tt Bicu thitc (3.15)) va ¢ < w, (it biéu thic (3.22),
(3.26)). Thé nén

E& > ps — (ws — ©) Pl )
Wg Ws—1
Suy ra dicu phai chitng minh.
Chtng minh hoan tat. ]

Do phiic tap thoi gian cho viéc tinh toan Us 13 O(n) khi mot phan ti chii chot

da biét trude.
Vi du 1. Xem xét mot thé hién clia bai toan KP duge dinh nghia nhu sau:
n =3y
(pj) = (15,100,90, 60,40, 15,10,1)

(w;) = (2,20, 20, 30,40, 30, 60, 10)

c = 102.

Nghiem t6i wu 1a 2 = (1,1,1,1,0,1,0,0) ¢6 gia tri z = 280. Tt Biéu thrc
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(3.22), ta c6 s = 5. Do vay:

40
Uy 65 + _30 X 40J 95

15
U = 265 + |30 x —J — 280
R ATy

60
Ul =265 + 40—10><%J — 285

Us = 285

Chin Martello va Toth c¢6 thé duge kham phé sau hon nita dé tinh toén toan
cac chin trén ngat hon Us. Ta c6 thé dat duge bang cach thay thé cac gia tri U°
va U v6i cac gia tri chat hon, dat 1a T valU ma dung (inlusion) va (exclusion)
item s cAn than hon. Hudson (1977) da dé xuét cach tinh toan U' véi gia tri
nghiém ctia néi 1éng lien tuc cia KP véi cac rang buoc bo sung z, = 1. Fayard
va Plateau (1982) cting véi Villela va Bornstein (1983) doc lap dé xuét cach tinh
toan U° véi gia tri nghieém ctia C(K P) véi cac rang budc bd sung z, = 0.

Bdi dinh nghia cac phan tit chi chét lan lugt 1a o'(5) va ¢°(5) khi ta dat

zj=1(j >s) va z; =0(j < s) thi

k
Ul(j)min{k:Zwi>cwj}, (3.46)
=1

k
0%(j) =min{ k : Z w; >c¢p, (3.47)

i=Li7j

(3.48)
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ta thu ducc

o%(s)—1 o%(s)—1 »
—0 oY(s
U = Z pj + c— Z ij 0() , (3.49)
j=1j#s j=ljts o)
. al(s)—1 ol(s)—1 Dot
U =pet D mi+ | |emw— 3w m )| (350)
=1 = )
(3.51)

va ta c6 mot chin trén mdéi
—0 —1
Us = max (U U ) . (3.52)

Hién nhién, ta co:

(a) T° < U°va U < U, thé nen Uy < Us;

(b) Do phiic tap thoi gian cho tinh toan gia tri chin Us bang véi khi tinh toan
chén U1 va UQ, O(n)

Vi du 2. Tit cac Bidu thitc (3.46)-(3.50), ta c6:

_ 10
o0(5) =7,T° = 280 + {0 x @J — 980;
1 —1 60
ol(5) = 4,T" = 40 + 205 + {20 x %J — 285;

Us = 285.

3.4.2. Chan tw cac not long Larange
Mot chin tinh toan khac trong thsi gian O(n) c6 thé duge mo ta thong qua
né6i 16ng Larangian clia bai toan nay. Nhic lai:
Z(C(KP)) = 2(L(KP, X))
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va [p; la mot chan dudi giam cua z(C(KP)) tuong ting véi su thay doi ctia bién
tht j tit z; thanh 1 — z;.

Muller-Merbach (1977) da nhan thay rang dé ma thu duge mot nghiém nguyén
tit bai toan lien tuc, hodc (a) ty 1é bién z, phai dugc giam vé 0 (ma khong co
bat ky sy thay doi nao ciia cac bién khac) hodc (b) c6 it nhat mot trong cac
bién khac, ky higu 1a #; thay ddi gid tri cia né (tit 1 thanh 0 hodc tit 0 thanh
1). Trong truong hop (a), gia tri ctia z(C(K P)) giam bang cps/ws, trong trudng
hgp (b) thi gidm bang it nhat |pj]. Do do, ta c6 chan Muller-Merbach nhw sau:

s—1
Uy = max (Z max{|z(C(KP))— [p**j|]:j € N\ {s}}) . (3.53)
j=1

Ta c6 thé tryc tiép suy ra Uy < U;. Thay vao d6, khong c6 sit thong tri nio
ton tai gitta Uy v cac chan khac. Nhu 6 Vi du 1, ta ¢c6 Uz = Uy < Uy, nhung
khong khé dé tim thay vi du ma Uy < Us < Us.

Y tudng ding sau cic chin Us, Us vi Uy dude nghién citu sau hon béi Dudzinski
va, Walukiewicz. Ho da thu dugc mot chin thong tri tit ci cac chan trén. Ta
xem xét bat ky nghiem kha thi # nao ctia bai toan KP ma ta c6 thé c6 dudce tit

bai toan lien tuc nhu sau: va dinh nghia N = {j € N\ {s} : #; = 0} (# gan véi

Algorithm 2: Thu tuc tim nghiém kha thi Dudzinski-Walukiewicz
1 for vdi moi k € N\ {s} do
2 L T = Tp;

3 &5 :=0;

4 for vdi moéi k ma 2, =0 do
. n ~
5 L if w, <c— ijl w;z; then

nghiém nhan dugc bdi thii tuc tham lam nhat). Dé ¥ ring mot nghiém nguyéen
t6i utu c6 thé nhan duge trong truong hop (a) béi thiét lip x4 = 1 hodic trong

trusng hop (b) béi thiét 1ap =4 = 0 va x; = 1 v6i it nhat mot j € N, ta c6 chan
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Dudzinski-Walukiewicz nhu sau:

Us = max(min(T, max{|2(C(KP)) — |p* #; |] 15 =1,...,s —1}),

min(UO,max{ [2(C(KP))+p*=*|]l:je€ N}),

n
> pji)
j=1

(3.54)

trong d6 U va U duge cho béi cée Bidu thie (3.49) va (3.50). Do phiic tap thoi
gian la O(n).

Vi du 3. Tiép tuc xem xét vi du 1. Tit biéu thitc (3.42), ta co:
(p?) = (13,80,70,30,0, 15, ~50, =9)
Do do:

Us = max(265, max{282, 215, 225, 265, 280, 245, 286}) = 286
(#;) = (1,1,1,1,0,1,0,0)

Us = max(min(285, max{282, 215, 225,265} ), min (280, max{245, 286}), 280) = 282.

3.4.3. Chan tw liét ké riéng phan

Chan Uz c6 thé duge xem nhu két qua clia viec ting dung chan Dantzig tai
hai niat 14 (terminal nodes) ctia mot cau quyét dinh tuong ting v6i bai toan KP
va hai (descendent nodes) N0 va N1 tuong ting v6i phép bao va loai trit phan tit
s. R6 rang cyc dai gitta cac chin trén tuong tng véi tat ci cac nit 14 clia mot
cay quyét dinh biéu dién mot chan trén hop 1é cho bai toan gbc ting véi nit goc.
Vi thé, néu U° va U la cac chin Dantzig tuong tng v6i cdc nat NO va N1, thi
Us biéu dién mot chan tren hop 1é cho bai toan KP.

Mot chéan cai thien U6 c6 thé thu dude nhd viéc xem xét cac cay quyét dinh

¢6 nhiéu hon hai nat 14 duge dé xuat bsi Martello va Toth (1988).
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Dé trinh bay noi dung ctia chan nay, ta gid st s da dude xac dinh, dat r, ¢ lan
luot 1a bat ky item nao ma théa man 1 <7 < s va s <t < n. Ta thu dude mot
nghiém kha thi cho bai toan KP bang cach thiét 1ap z; =1 v6i j < r, x; = 0 vii
j >t va tim kiém nghiém t6i wu cho bai toan KP con K P(r,t) bang cach dinh
nghia cac item r,r + 1,...,¢ v6i luc lugng giam c¢(r) = ¢ — Z;;i wj.

Gia sit rang bai toan KP(r,t) dugc gidi thong qua mot cay quyét dinh nhi
phan co sé ma phat sinh cac cap clia cac nit quyét dinh béi thiét 1ap lan luot
zj=1vaz;=0v6ij=rr+1,...,t; mobinat k (da thu duge, dat ¢d dinh z;)
phét sinh ra mot cap con chau (¢ dinh b6i zj41) néu va chi néu j < ¢ va nghiém
tuong ting k ton tai. V6i moi nat k clia cay két qua, goi f(k) 1a item tit nat nay
dugc phat sinh (bdi thiét lap z ;) =1V 0) va dat x?(j =r,...,f(k)) la day cac
gid tri dugc gan dén cac bién w,,... 2 doc theo dutng di trong cay tit nit

gbc dén k. Tap hop céac nit 14 cia cay c6 thé duge phan hoach thanh:

)
Li=<1: ijxé > c(r) 14 khong kha thi (infeasible leaves),
Jj=r
f0)
Ly=ql:f()=t A > wyl<c(r)p 14kha thi (feasible leaves).
Jj=r

V6i méi | € L1U L2, goi u; 1a bat ky chan trén ndo ciia bai toin dude dinh
nghia bdi bicu thiic (3.4), (3.5) va

vj=at néu je{r... [}, (3.55)

zj=0v1 néu jeN\{r...,f()},

Béi vi tat ca cac nat khong phai 14 1a ¢ the tim thay bdi cay, mot chan trén

hop 1é cho bai toan KP duge cho béi Biéu thiic sau:

Us = max{u; : | € L1U Lo}. (3.56)
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Mot cach dé tinh nhanh w; ¢6 thé duge mo ta nhu sau. Goi p! = Z;;i pj +
l N l N
Z;ii pjxé va d' = |e(r) — Z;ii wjx§.|; thi

{pl — dlgf—llJ néu € Ly;
- (3.57)

ul =
| Pi+1 A .
\‘pl +d mJ neéu [ & L27

ro rang 1a mot chén trén cho gia nghiém lién tuc ctia bai toan (3.4), (3.5) va
(3.55).

Tinh toan clia U can O(n) dé quyét dinh phan ti chti chét va dinh nghia bai
toan K P(r,t), cong v6i O(2") dé duyét . Néu t — r bi chan bdi mot hang, thi
tong do phitc tap thoi gian 14 O(n).

Vi du 4. Gia s rang r = 4 va t = 6. Stic chita dude gidm thicu 1a ¢(r) = 60.
Cay nhi phan dugc minh hoa & Hinh 3.1. Tap cac 1a L; = {2,8}, L =
{4,5,9,11,12}. Suy ra, Us = 280 la gia tri nghiém tdi uu.

uy = 280 us =270  ug =215 ug =248  ug =225 ug = 215

Hinh 3.1: Cay nhi phan cia chan Ug cho Vi du 1

Céc chan trén tai cac nit 14 c6 thé duge danh gia bing cach sit dung bat ky
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chin da dugc mo ta phia trén thay vi st dung (3.57). Néu U(k = 1,...,5 dugc
stt dung, thi 16 rang Us < Uy; Néu chin & biéu thiic (3.57) duge st dung thi
khong c6 thong tri ton tai gitta Us va chan Dudzinski-Walukiewicz, thé nén chin

trén tot nhat cho bai toan KP 1a
U = min(Us, Us).
Chin Us c6 thé ngat véi mot luong nhé cong stc tinh toan bdéi danh gia

Wy, = min{w; : j > t}. Khong qua khé dé thay rang khi I € Ly va d < wy,, u; ¢6

thé duge tinh toan bdi cong thic nhu sau:

u; = max (pl, {pl + W, Pt (W — dl)pr—_lJ> . (3.58)
We+1 Wr—1

Cubi ciing, ta dé ¥ ring tinh toan ciia Us c6 thé dude day nhanh bing cach st
dung mot thuat toan nhanh can bat ky dé giai quyét bai toan K P(r,t). Tai bat
ky vong lap nao ciia thuat toan, goi z(r,t) 1a gia tri ctia nghiém t6t nhat. Véi
cac nut khong phai 14 bat ky & ciia cay quyét dinh, goi @ 13 mot chin trén clia
nghiém tbi wu clia bai toan con duge dinh nghia bdi cac item r,...,n vé6i c(r),
titc 1a bai toan con thu duge nho st dung thiét lap z; =1 véi j=1,...,r — 1. 4y
c6 thé duge tinh nhu 1a mot chin trén ciia gia tri nghiem lién tuc ctia bai toan,

tic:

£ (k) s(k)~1
=Y pik+ > p (3.59)
j=r =1 (k)+1
U OR Pt
=)= [ D wah+ D wy e (3.60)
= J=)+1 o

trong do s(k) := min(¢ + 1, min{i : Z{i’? wjxé? + Zj‘:f(k)+1 w; > c(r)}). Néu ta co6

danh gia @, < zZ(r,t), cdc dinh con chau tut ¥ khong dugdc phat sinh. That vay,
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v6i bat ky nat 14 1 ndo 1a con chau tit k, né sé c6 két qua la

u < pj+ g < pj + 2(KP(r,t)) < Us

Vi du 5. Thuc hién tinh todn thong qua Biéu thitc 3.59, ta thu dudc cay

quyét dinh luge gidn nhu Hinh sau:

Z(r,t) =75

Hinh 3.2: Cay nhi nhanh can cua chan Ug cho Vi du 1

29



CHUGNG 4

THUAT TOAN CHO BAI TOAN 0-1 KNAPSACK

4.1. Thuat toan tham lam

Mot trong nhitng cach truc tiép dé xac dinh mot nghiem xap xi ctia bai toan
KP 1a tim kiém nghiém Z ctia néi 16ng lién tuc clia bai toaAn ma chi c6 mot bién
phan s6, 7, (Xem Dinh Iy 1). Ta thiét lap bién nay bang 0 dé lay mot nghiém
kha thi ctia bai toan KP ¢6 gia tri la:

»
I
—

Z = pj-
1

<.
I

Ta c6 thé k¥ vong 2/ nay tuong doi gan véi gia tri nghiem t6i wu z. That vay,
2 <2< U <2 +p,, tiic 1 do 16i tuyet d6i bi chan bdi mot s6 ps. Nhung, ty 1é
hiéu suat truong hop xau nhat hién nhien té. Diéu nay c6 thé dude chiing minh
bdi mot chudi cac bai todn véi n = 2,p; = wy; = 1,p2 = we = k va ¢ = k ma trong
d6 2/ =1va z=kF, vithé ty lé 2//z gan vé6i 0 khi k du 16n.

Dé ¥y rang, trudng hop trén xuat hien khi ma p, du 16n, ta c6 thé thu duge
mot heuristic cai thien hon cling bang cich xem xét nghiém kha thi duge cho béi
phan tt chii chét duy nhat va lay ra nghiém tot nhat trong hai gia tri nghiém,
tc la:

2P = max (2, ps). (4.1)

Ty le trudng hop xau nhat cta heuristic méi nay la 3. That vay, z < 2’/ + ps, thé
nén tit Bieu thic (4.1), ta duge » < 22". Dé thay rang ty lé 4 1a chat, ta xem
xét chudi bai toan véin = 3,p1 = wy = 1,py = wo = p3 = w3 = k va ¢ = 2k, ta co:

vi 2" = k+1 vd z = 2k, nén z"/z nhan gia tri bat ky gan véi 3 khi & du l6n.
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Tinh toan ctia 2" ¢6 do phiic tap thoi gian 1a O(n) khi ma phan t1t chtt chét
da biét. Néu cac item duge sap xép nhu trong Biéu thic (3.15), mot thuat toan
hieu qua hon ¢6 thé duge st dung cho ching gidm dan tuong ng véi céc chi
s6 va them vao mot phan ti méi cho ba-16 néu né day. Dé ¥ réng 1,...,s — 1
luon luon duge thém vao, vi thé ma gia tri nghiém it nhat 1a 2. Mot phuong
phap heuristic phd bién cho bai toan KP thudng dudce goi la thuadt todn tham
lam (Greedy algorithm). Mot 1an nita, higu suat truong hgp xau nhat c6 the te,
nhung dugc cai thien dén gan 1 néu ta xem xét nghiem dude cho bdi phan ti
ctia 1oi ich cuc dai nhu trong cai dat thi tuc phia sau day. Gia st rang céc item

c6 thit tu ting véi Biéu thiic (3.15).

Algorithm 3: Thu tuc GREEDY

Input: n,c, (pj), (w))
Output: 29, (z;)

1 Cc:=c¢

2 29:=0

3 jFi=1;

4 for j:=1tondo

5 if w; > ¢ then

6 L z;:=0

7 else

8 Tj = 1,

9 CcC:=¢C— wy;
10 29 =29 + pj;
11 if p; > pj- then
12 L =
13 if pj» > 29 then
14 29 = pje;

15 for j:=1 ton do
16 L x; =0
17 Tjx 1= 1

Ty 1é hieu suat xau nhat la % Vi
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e p > ps nén 29 > zM;
e Chudi cac bai toan duge thém vao cho 2" chitng minh tinh ngit
Do phiic tap thoi gian 1a O(n), cong v6i O(nlogn) véi thi tuc sap xép khéi tao.

Vi du 6. Gia st chiing ta c6 4 vat pham vé6i trong luong va gié tri nhu sau:

Vat pham | Trong luong(w;) | Gia tri(p;)
1 2 100
2 4 120
3 3 40
4 ) 20

Dung lugng ctia ba 16 ¢ = 5.

Khéi tao: ¢=5,29=0,57"=1
Thuc hién thuat toan GREEDY
1 . Vat pham 1:

-w; =2, w; <¢ chonxy =1, capnhatc=5-2=3, 29 =0+100 = 100.

- So sanh p; = 100 v6i p;« = 100, khong thay doi j*.
2 . Vat pham 2:

- we =4, wy > ¢, khong chon xs.

- So sanh py = 100 v6i pj+ = 120, cap nhat j* = 2.

3. Vat pham 3:

- w3 =3, w3 =¢, chon zg3 =1, cap nhat c=3 -3 =10, 29 = 100 + 40 =
140.
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- So sanh py = 100 v6i pj- = 40, khong cap nhat.
4. Vat pham 4:
- wyq = 5, wy > ¢, khong chon z4 = 0.

Kiém tra gia tri 16n nhéat
- So sanh pj- = 120 v6i 29 = 140, khong can thay doi.

Két qua cubi cung
29 =140, (r1=1,29=0,23=1,24 =0)

Thuat toan tham lam da chon vat pham 1 va 3 véi tong gia tri 1a 140.

Khi bai toan knapsack nhi phan dugc phéat biéu trong dang cuc tiéu thi no
c6 thé dugce gidi quyét bang cach st dung tham lam dén dang cuc dai tuong Gng
clia n6, va ta cling c¢6 thé thu duge mot nghiem kha thi, nhung hiéu suat truong
hop xau nhat khong dudc bao toan. That vay, xem xét chudi bai toan toi ticu
vOin=3,p1 =w; =k,po =wy = 1,p3 =w3 =k va ¢ = 1, c6 gia tri nghiém tdi vu
bang 1. Khi 4p dung tht tuc tham lam cho dang ciic dai (vdi ¢ = 2k), ta c6 the
29 = k41 va vi thé ta thu dugec mot nghiem heuristic té ctia gia tri k& cho bai

2 £ - 2
toan to1 tiéu.

Vi du 7. Cho mot ba 16 c6 stic chita W = 50 va ba vat pham cé gia tri va

trong luong nhu sau:

Vat pham | Gia tri(p) | Trong lugng(w) | £ (Ti le gia tri/trong luong)

1 60 10 6.0
2 100 20 5.0
3 120 30 4.0
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Muc tiéu la chon céc vat pham sao cho tong gia tri 1a 16n nhat ma tong
trong lugng khong vugt qua W = 50.

Ap dung thuat toan Greedy:

Thuat toan greedy chon céc vat pham theo thit tu ti 16 gié tri /trong lugng

2 16n nhat trude. Lan luot chon nhu sau:

e Vat pham 1 ¢6 2 = 6.0, chon vat pham 1 véi trong luong 10, gid tri 60.

e Vat pham 2 ¢6 L =5.0, chon vat pham 2 véi trong luong 20, gia tri 100.

e Vat pham 3 c6 L — 4.0, néu chon vat pham 3 (trong lugng 30), tong
trong lugng sé 1a 10+ 204 30 = 60, vugt qua giéi han 50, nén khong thé

chon.

Tong trong lugng clia cac vat pham duge chon 1a 10 + 20 = 30, va tong
gia tri la 60 4+ 100 = 160.

Nghiém t6i vu:

Néu chon vat pham 2 va vat pham 3, tong trong luong sé 1a 20 + 30 = 50,
vita biang gidi han ciia ba 16, va tong gia tri 1a 100 + 120 = 220.

Két luan:

Thuat toan greedy dua ra nghiém véi tong gia tri 14 160, trong khi nghiem
toi uu thyce té co6 gia tri 220. Diéu nay ching té thuat toan greedy khong
luon tim duge nghiém tdi wu trong bai toan ba 1o.

Tt két qua ctia vi du trén, ta thay rang, du 4p dung chién luge nao, thuat toan
Greedy cho bai toan Knapsack 0/1 van c6 the dan dén nghiem khong téi wu,
mac du bai toan CKP (Continuous Knapsack Problem) luon dat duge nghiém
chinh xac. Do d6, dé tim nghiém t6i wu cho bai toan Knapsack 0/1, can phai st
dung cac phuong phap khac. Tuy nhién, khi xt Iy bai toan véi dit liéu 16n va
chi can mot nghiem du tét, viec ap dung thuat toan Greedy 1 Iira chon hop 1y

nho do phic tap thap hon.
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4.2. Thuat toan quy hoach dong

Mot tiép can co ban khac dé giai quyét bai toan nay la quy hoach dong. Day
14 k¥ thuat dugc phat trién dau tien ma cho phép giai chinh xac bai toan nay
va mac dil muic do quan trong clia né da gidm dang ké so v6i ki thuat nhanh
can, nhung n6 van rat tha vi dé tim hiéu.

Cho truéc mot cap sé nguyen m(1 < m < n) va &0 < ¢ < ¢), xem xét mot thé
hién con ctia bai toan KP bao gom cac do vat 1,...,m va dung luong ba-16 ¢.

Dit f,(¢) 1a gia tri nghiem t6i wu clia no, tic la:

m m
fm(é)maX{ijxj:ijxj<é,ij or 1 v6i jl...,m} (42)
=1

Jj=1

Hién nhién, ta co:

R 0, v6i ¢=0,...,w —1;
fi(e) = (4.3)
p1, V6 ¢c=wi,...,c

Quy hoach dong bao gom qua trinh n giai doan (véi m tdng dan tit 1 dén n)
va tai moi gidi doan m > 1, ta tinh todn cac gia tri f,,(¢) (v6i é ting dan tix 0 dén
¢) bang cach st dung k§ thuat dé quy cd dién (nhu cac cong trinh ctia Bellman

- 1954, Dantzig - 1957):

. fmo1(6) v6i é=0,...,w —1;
fm(e) =

max(fn_1(8), fm_1(¢ — W) +pm) VO é=wi,...,c.

Ta goi cac nghiém kha thi tuong ting véi cac gia tri f,,(¢) 1a cac trang thai
(states). Nghiem t6i wu cia bai toan la trang thai tuong ting véi f,(c).
Vao nam 1980, Toth da suy ra dugc tit Biéu thiic dé quy Bellman mot thu

tuc hiéu qua dé ma tinh toan trang théi clia mot giai doan. Trudc tién, ta can
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dinh nghia dugc cac gia tri sau day truée khi thuce hién mot giai doan m:

m—1
v = min <Z wj, c) ; (4.4)
j=1

b=2m"1 (4.5)
P: = f—1(¢), Vv6i ¢=0,...,v; (4.6)
Xe ={xm-1,Tm—2,...,21} VO ¢é¢=0,... v; (4.7)

trong d6 x; dinh nghia gia tri clia bién thit j trong nghiém t6i wu riéng phan

tuong ung véi fr,—1(¢), tic la

-1

o>
I
3

m—1
wiz; VA fuo1(6) =Y py. (4.8)
j=1

j=1

T goc do tinh toan, ta c6 thé t6i wu tinh todn bang cach ma hoa méi tap X

thanh mot chudi bit,
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Algorithm 4: Tha tuc REC1

Input: U» b7 (Pé)v (Xé)a (wm>’pm
OutPUt: v, b, (Pé)7 (Xé>

1 if v < ¢ then

2 u = v;

3 v 1= min(v + wp, ¢);

4 for ¢c:=u+1 tov do
5 P.:= Py;

6 Xe = Xy;

7 for ¢ :=wv to wy, step —1 do
8 if P. < P;_y, + pm then
9 Pe = Poy,, + Pmj

10 Xe = Xow,, +b;

11 b:= 20b;




Algorithm 5: Thu tuc DP1

Input: n,c, (pj), (w))
Output: z, (z;)

1 for ¢:=0 tow; —1do

2 P.:=0;
3 X::=0;
4 V= wi;

5 b:=2;

6 Py :=p1;

7 Xyi=1;

8 for m:=2 ton do

t Goi thit tuc REC1

©

10 2 := Py

11 Xac dinh (z;) bang cach decode X¢

Tht tuc REC1 c¢6 do phtic tap O(c) nén do phiic tap cua thia tuc DP1 la
O(nc). Do phtc tap khong gian 1a O(nc). Do ta da ma héa X; thanh mdot chudi
bit theo ngon ngit may gon d bit, nén khong gian luu trit can thiét 1a (14 [n/d])c,

trong do6 [a] 1a s6 nguyén nhé nhat ma khong nhoé hon a.

4.2.1. Kh@ cdc trang thdi bi théng tri

S6 luong cac trang thai duge xem xét tai moi giai doan trong thuat toan coé
thé dugc giam di dang ké bang cach khit cac trang thdi bi thong tri (dominated
states). Cu thé, trong nhitng trang thai (P:, X;) ma ton tai mot trang thai (Py, Xy)
v6i P, > P: viy < ¢ (bat ki nghiém c6 thé thu duge tit (P:, X;) thi ¢6 thé thu
dugce tut (P, X,)). Ky that nay dugc st dung bdi Horowitz va Sahni (1974) va
Ahrens va Finke (1975). Nhitng trang thai khong bi théng tri (undominated

states) ctia giai doan thit m c6 thé dugc tinh todn thong qua mot thi tuc duge
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dé xuat béi Toth (1980). Trude khi bat dau thuc thi thi tuc cho giai doan m,

ta dinh nghia cac bién gia tri nhu sau:

s = 80 luong trang thai § giai doan (m — 1); (4.9
b=2m"1
W1; = tong trong sb clia trang thai tht i(i = 1,.. ., s);
P1; = tong lgi ich clia trang thai thi i(i=1,...,5);

Xli:{l’mfl,xm,Q,.--,ﬂfl}, Z.:17"'787

trong d6 z; dinh nghia gia tri clia bién thi j trong nghiém toi wu riéng phan

cua trang thai thi 7, tic la:
m—1 m—1
W1, = Z W4T va Plj = ijxj.
Jj=1 j=1

Vector W1 (va do d6, P1) dugc gia st rang da duge sap thit tu ting dan nghiem
ngat.

Tht tuc st dung chi s6 ¢ dé quetl cac trang théi clia giai doan hién tai va chi
s6 k dé Iuu trit cac trang thai ctia giai doan méi. Mi trang thai hién tai c6 thé
tao ra mot trang thai méi ciia tong trong s6 y = W1; + wy,, nén cac trang thai
hién tai clia tong trong sé W1, < y, va sau do6 trang thai méi duge luu trong giai
doan méi chi khi nao ching khong bi thong tri béi mot trang thai duge luu tri.
Sau khi thyc thi, cac gia tri ciia Biéu thitc (4.9) va (4.10) duge lien quan dén
giai doan méi, con céc gia tri mdi clia Biéu thitc (4.11), (4.12), (4.13) lan lugt
dugc cho bdi (W2y), (P2x) va X2;. Cac tap hop X1; va X2, duge ma hoa thanh
cac chudi bit. Cac vector (W2;) va (P2;,) duge sap thi tu tang dan nghiém ngat.

Dau vao ctia thii tuc duge gid dinh ring W1y = Plg = X1y = 0.
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Algorithm 6: Thu tuc REC2

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

Input: s,b,(W1;), (Pls), (X1:), Wm,Dm,
Output: s,b, (W2;), (P24), (X2k)

1:=0

k:=0

h:=1;

Y= W

Wlsy1 :=+00

W20:=0

P2y :=0

X20:=0

while min(y, W1;) < cdo

if W1, <y then

/* Dinh nghia trang thai k& tiép (p,z)
p:=Plp; z:= X1y

if W1, =y then

if P1; + pm > p then

p:=Pl,+pm

r:=X1;,+b
1:=1+1
y:=W1l +wn

/* Luu gift trang thai k& tiép néu khéng bi théng tri
if p > P2; then

k=k+1

W2, := W1

P2, :=p

X2, ==z

h:=h+1

else
/* Luu gilt trang thai mdi néu khéng bi théng tri
if P1; + pm > P2j then
k=k+1
W2, =y
P2y, := Pl; + pm
X2, :=X1,+b
=14+ 1
y:=W1l +wn

s:=k;b:=2b
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Mot thuat toan quy hoach dong st dung thi tuc REC2 dé giai bai toan KP

nhu sau:

Algorithm 7: Thu tuc DP2

10

11

12

13

Input: n,c, (pj), (w))
Output: z, (z;)

Wilp:=0
Ply:=0
X1p:=0
si=1
b:=2
W1 .= wy
Ply :=py
X1 :=1

for m :=2 ton do

Goi thu tuc REC2

Do6i ten lan lugt W2, P2 va X2 thanh W1, P1 va X1

z:= Pl

Xac dinh (z;) bang cach decode X1

Do phic tap thai gian cia REC2 1a O(s) do s bi chan bdi min(2™ — 1,¢). Do
do6, do phic tap thoi gian ciia thuat toan DP2 1a O(min(2"1, ne)).

Tht tuc DP2 khong can tht tu cu thé clia cac item. Diéu nay thé hien tinh

hiéu qué ctia né, tuy nhién néu ching duge sap thit tir gidm dan theo cac ty le

pj/w; thl trong trudng hgp nay, so6 lugng cac trang thai khong bi thong tri bi

giam di. Do d6, yéu cau vé thit ty van tiép tuc dude gid dinh.
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Vi du 8. Xem xét mot thé hién ctia KP duge dinh nghia nhu sau:

n = 6;
(p;) = (50,50, 64,46, 50, 5);
(w;) = (56,59, 80,64, 75,17);

c = 190.

Cac buéc thuc hién

Buéc 1: Khdéi tao Tap trang thai ban dau la:
states = {(0,0)}

Trong d6, mdi phan t1t 1a mot cip (value, weight), nghia 13 gia tri va trong
luong déu bang 0.
Budc 2: Xét timg vat pham

Vat pham 1: p; = 50, w; = 56

e Trang thai ban dau:

states = {(0,0)}

e Thém vat pham 1:

(0 + 50,0 + 56) = (50, 56)

e Trang thai méi:
states = {(0,0), (50,56)}

e Khit trang thai théng tri: Khong c6 trang thai nao bi théng tri, giit

nguyen.
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Vat pham 2: py = 50, wy = 59

e Trang thai ban dau:

states = {(0,0), (50,56)}

e Thém vat pham 2:
(0 + 50,0 + 59) = (50, 59)
(50 + 50, 56 4 59) = (100, 115)
e Trang thai méi:

states = {(0,0), (50, 56), (50, 59), (100, 115)}

¢ Khit trang thai théng tri: Loai bd trang thai (50,59) do bi thong tri
bdi trang thai (50, 56).

Vat pham 3: p3 = 64, w3 = 0

e Trang thai ban dau:
states = {(0,0), (50, 56), (100, 115)}

e Thém vat pham 3:

(0 + 64,0 + 80) = (64, 80)

(50 + 64, 56 + 80) = (114, 136)

(100 + 64,115 + 80) = (164,195) (loai b6 vi vugt qua stic chita)
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e Trang thai mdéi:

states = {(0,0), (50, 56), (64,80), (100, 115), (114, 136)}

e Khit trang thai théng tri: Khong c6 trang thai nao bi théng tri, giit

nguyen.
Vat phém 4: P4 = 46,104 =64

e Trang thai ban dau:

states = {(0,0), (50, 56), (64, 80), (100, 115), (114, 136)}

e Thém vat pham 4:
(0 + 46,0 + 64) = (46, 64)

(50 + 46, 56 + 64) = (96, 120)
(64 + 46,80 + 64) = (110, 144)
(100 + 46, 115 + 64) = (146, 179)

(114 + 46,136 + 64) = (160,200) loai vi qua stic chia
e Trang thai méi:

states = {(0,0), (50, 56), (64, 80),
(100, 115), (114, 136), (46, 64),

(96,120), (110, 144), (146, 179)}

e Khit trang thai théng tri: Loai bd (46,64) do bi théng tri béi (50, 56);
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(110,144) do bi théng tri béi (114,136); (96,120) do bi théng tri béi
(100, 115)

Vat pham 5: ps = 50, ws = 75

e Trang thai ban dau:

states = {(0,0), (50, 56), (64,80), (100, 115)

,(114,136), (146, 179)}

e Thém vat pham 5:
(0 + 50,0 + 75) = (50, 75)

(50 + 50, 56 + 75) = (100, 131)

(64 + 50,80 + 75) = (114, 155)
(100 + 50, 115 + 75) = (150,190) (vira ding stc chita)
(114 + 50,136 + 75) = (164,211) loai vi qua stic chta

(146 + 50,179 + 75) = (196,254) loai vi qua stc chta
e Trang thai méi:

states = {(0,0), (50, 56), (64, 80),
(100, 115), (114, 136), (146, 179),
(50, 75), (100, 131), (114, 155),

(150, 190)}

e Khit trang thai théng tri: Loai bo (50,75), (50,56), va (100,131) do
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bi théng tri bdi (100, 115), va (114, 155) do bi théng tri béi (114, 136).
Vat pham 6: pg = 5, wg = 17

e Trang thai ban dau:
states = {(0,0), (50, 56), (64, 80), (100, 115), (114, 136), (146, 179), (150, 190)}
e Thém vat pham 6:
(0+5,0+17) = (5,17)

(50 + 5,56 + 17) = (55, 73)
(64 + 5,80 + 17) = (69,97)
(100 + 5,115 + 17) = (105, 132)
(114 + 5,136 + 17) = (119, 143)
(146 + 5,179 + 17) = (151,196) loai vi vugt stc chita

(150 + 5,190 + 17) = (155,207) loai vi vugt stc chita

e Trang thai méi:

states = {(0,0), (50, 56), (64, 80),
(100, 115), (114, 136), (146, 179),
(150, 190), (5, 17), (55, 73),

(69,97), (105,132), (119, 143)}

e Khit trang thai théng tri: Khong c6 trang thai nao bi thong tri.
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Buéc 3: Két qua Gia tri 16n nhat c6 thé dat duge la: 150, tuong ting
v6i nghiém =z = (1,1,0,0,1,0).

4.2.2. Thudt toan Horowitz-Sahni

Horowitz va Sahni (1974) da trinh bay mot thuat toan dya trén su phan chia
nhé thit phan (subdivision) clia bai toan gbc gom n bién thanh hai bai toan con
lan luot 1a ¢ = [n/2] va r = n — ¢. V6i moi bai toan con, mot danh sach chita
tat ca cac trang thai khong bi thong tri lien quan dén trang thai cudi cing dude
tinh toan; sau dé hai danh sach ducc két hop dé ma tim kiém mot nghiem t6i
uu.

Dac trung cot 16i ctia thuat toan trong truong hgp xau nhat 13 chi can hai
danh sich 27 — 1 cho mdi trang thai thay vi mot danh sach don gom 2" — 1 trang
thai. Do dé ma do phtic tap thoi gian va khong gian gidm xubng O(min(2"/?, ne))
v6i st cai thien can bac hai trong hau hét cac truong hgp. Trong nhiéu truong

hop, s6 luong cac trang thai bi théng tri nhé hon nhiéu so véi 2/2 béi vi
(a) Nhiéu trang thai bi thong tri
(b) Va vé6i n di 16n, ta co ¢ < 2%/2.

Ahrens va Finke (1975) da dé xuat mot thuat toan ma két hop ky thuat clia
Horowitz v Sahni (1974) v6i mot thi tuc nhanh can dé tiét kiem chi phi luu
trit hon nita. Thuat toan hoat dong rat tot véi cac bai toan khé ma cé n gia tri
thap v cac w; va ¢ co gia tri rat cao. Tuy nhién, nhude diém vé do phiic tap
tinh toan luon luon ton tai trong cac thi tuc nhanh can cho du chi phi luu trit

khong dang ké di nita.
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Vi du 9. Van xét dau vao nhu sau:

n = 6;
(p;) = (50,50, 64,46, 50, 5);
(w;) = (56,59, 80,64, 75,17);

c = 190.

0 day, ta tinh dugc ¢ = 3. Do do6 ta c6 2 tap con nhu sau:

{(pla wl)a (p27 ’LU2), (ps, w3>} - {(507 56)7 (507 59)’ (647 80)}

{(p4, w4), (p5,ws), (ps, we) } = {(46,64), (50, 75), (5,17)}

Ap dung thuat toan DP2 cho tap dau
Cac budce trinh bay chi tiét, xem lai vi du 8, ta thu dugc cac trang thai

cudi cling sé la:
states — {(0,0), (50, 56), (64,80), (100, 115), (114, 136)}

Ap dung thuat toan DP2 cho tap cudi Céac budc trinh bay chi tiét,

xem lai vi du 8, ta thu dudc cac trang thai cudi cling sé 1a:

states = {(0,0), (5, 17), (46, 64), (50, 75), (51, 81), (55,92), (96, 139), (101, 156)}
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Két hop hai trang thai Ta thu dugc t6 hop nhu sau:

states = {(0,0), (5,17), (46, 64), (50, 75),

)
(51,81), (55,92), (96, 139), (101, 156),
(50,56), (55, 73), (96, 120), (100, 131),

(101, 137), (105, 148), (64, 80), (69, 97),
(110, 144), (114, 155), (115, 161), (119, 172),
(100, 115), (105, 132), (146, 179), (150, 190),

(114, 136), (119, 153)}

Chon két qua t6t nhat trong cac states 1a: (150, 190).

4.2.3. Thudt toan Toth

Vao nam 1980, Toth da trinh bay mot thuat toan quy hoach dong dva trén
(a) Su khit ctia cac trang thai khong can thiét
(b) Va mot phép két hop clia cac thu tuc REC1 va REC2.

Nhicu trang thai dude tinh toan bdi cic thi tuc REC1 hay REC2 khong that
su can thiét cho cac giai doan phia sau d6 bdi vi ta chi can quan tam dén céc
trang thai c6 kha nang sinh ra nghiém t6i uu trong giai doan cudi cting. Cac
trang thai khong can thiét duge sinh ra béi thit tuc REC1 ¢6 thé khit di nho
mot luat nhu sau:

Néu mot trang thai dude dinh nghia béi giai doan tht m c6 mot tong trong

sO W thoa man mot trong cac dieu kién sau:

(1) W<e— Z wj,

j=m-+1

(i) c¢— min {w;} <W <eg,
m<j<n
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thi trang thai sé khong bao gis sinh ra duge P, va do d6 c6 thé duge khit di.
Mot luat tuong tu ¢ thé dudge dua ra cho thi tuc REC2. Trong truong nay,
n6 can gitt lai cdc trang thai véi trong s6 16n nat théa man (i), va trang thai
cubi ciing tic l1a trang thai s. Luat khong thé dugc mé rong cho thuat toan
Horowitz-Sahni bdi vi dé két hgp hai danh sach, tat ca cac trang thai khong bi

thong tri lien quan dén hai bai toan con phai dugc biét.

Vi du 10. Cac trang thai duge sinhra béi thu tuc DP2 v6i REC2 duge cai

thién thong qua luat khit nhu sau:

; m=1 m =2 m=3 m =4 m=2>5 m =20
w, B W, B W, B W, B W, F W, PF
0 0 0 0 0 0 0 0 0 0 0 0

0

1 56 50 56 50 56 50 80 64 136 114 190 150
2 115 100 80 64 115 100 190 150

3 115 100 136 114

4 136 114 179 146

Nhin chung, thuat toin DP2 c6 tinh hiéu qui hon thuat toan DP1 bdi vi s6
trang thai dugc sinh ra it hon. Dé ¥ riing, véi viec tinh toan ctia mot trang thai
don, do phiic tap thoi gian va khong gian can ctia thuat toan DP2 cao hon so
v6i DP1. Thé nén, v6i cic bai toan khé ma trong do c6 rat it cac trang théi bi
thong tri va ca hai thuat toan déu sinh ra cidc danh sach hau nhu giéng nhau,
thi thuat toan DP1 dudc can nhac lga chon hon so v6i DP2. Mot thuat toan quy
hoach dong ma gidi quyét dudc ca hai thé loai bai toan dit dé hay kho c6 thé
tao ra ducgc nho két hgp cac dic trung tot clia hai huéng tiép can. Bang cach
stt dung thi tuc REC2 mién 13 s6 lugng cac trang thai duge sinh ra 1a thap va
sau do cho vao thu tuc RECI.
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4.3. Nhan xét

Tém lai, cd thuat todn knapsack tham lam va knapsack 0/1 déu c6 sy danh

doi khac nhau giita tinh t6i wu va hieu qua. Cac giai phap nhanh cé thé dén

tit knapsack tham lam nhung céc giai phap nhu vay khong t6i wu trong mot so6

truong hgp trong khi knapsack 0/1 dam bao diéu d6 véi cai gia phai tra la do

phtic tap tinh toan cao. Sy hiéu biét nay sé hinh thanh co s6 dé lya chon thuat

toan phit hgp cho mot bai toan knapsack nhat dinh. Sau day 1a si so sanh giita

hai thuat toan nay:

Tiéu chuan

Greedy

Quy hoach dong

Huéng tiép can

Chién luge tham lam, lira chon t6i uu cuc bo

Lap trinh dong, xem xét tat ca céc tity chon

Ca sé

Dua trén ty 1é gia tri trén trong lugng

Xem xét tat ca céc két hgp c6 thé

Do phic tap

O(n log n) da sip xép

O(nW) — Trong d6 n la s6 lugng muc, W la dung lugng

Loi giai té1 wu

Khong phai ltc nao ciing t6i wu

Luodn ludn t6i wu

Dbi tugng
St dung bo nhé

Phit hgp cho bai toan CKP
Yéu cau it bo nhé hon

Phu hgp bai toan 0/1 KP
Yéu cau nhiéu bo nhé hon do bang DP

Loai thuat toan

Tham lam

Lap trinh dong

Sip xép Yéu cau sap xép dya trén cac tiéu chi nhat dinh Khong can sip xép
Téc do Nhanh hon do lga chon tham lam Cham hon do tim kiém day du

Trudng hgp sit dung

Xap xi nhanh, tap dit liéu 16n

Dit lidu nhd, dam béo tinh t6i wu

Bang 4.1: So sanh gita thudt todn tham lam va Quy hoach dong
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CHUONG 5

LAP TRINH VA THUC NGHIEM

5.1. Cai dat

Trong phan nay, ching ta sé trinh bay moi trudng phat trién va cac cong cu
dugce st dung trong qua trinh lap trinh va thyc nghiém. Python dugc chon lam
ngon ngit 1ap trinh chinh nhd vao sy don gian, tinh linh hoat va kha ning ho
trg nhiéu thu vien manh mé cho tinh toan va thyc nghiém. Sau day 1a cac yéu

cau dé cai dat nhu sau:

5.1.1. Windows

1. Truy cap trang web chinh thitc cia Python tai https://www.python.org/

downloads/.
2. TAi xudng phién ban Python 3.x méi nhat.

3. Khi cai dit, danh dau tity chon Add Python to PATH dé tu dong them
Python vao bién moi truong PATH ctia hé thong.

4. Hoan tat cai dat bang cach lam theo cidc huéng dan trén man hinh.

5. Sau khi cai dit, md (CMD) va kiém tra bang cach go lénh:
python --version
Lénh nay sé tra ve phién ban Python da cai dit néu qua trinh cai dit thanh
cong.
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5.1.2. MacOS

1. M6 Terminal va cai dit Homebrew (néu chua cai dat) bang lenh:

/bin/bash -c "$(curl -fsSL https://raw.githubusercontent.com/Homebr

2. Sau khi cai dat Homebrew, cai dat Python bang lénh:

brew install python

3. Kiém tra phién ban Python da cai dit bang lenh:

python3 --version

5.1.3. Linux (Ubuntu)

1. M6 va cap nhat danh sach géi bang lenh:

sudo apt update

2. Cai dit Python 3 bing lénh:

sudo apt install python3

3. Kiém tra phién ban Python da cai dit:

python3 --version
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5.1.4. Cai dat cong cu quan ly géi (pip)

pip la cong cu quan ly géi clia Python, diing dé cai dat cac thu vien va géi

md rong. Sau khi cai dit Python, ban c6 thé kiém tra phién ban pip bang lénh:
pip --version
Néu chua cai dat, ban c¢6 thé cai dit pip theo cac budce sau:

Cai dat pip tréen Windows/MacOS/Linux

python -m ensurepip --upgrade

5.1.5. Cai ddat cdc géi thu vién can thiét

Cac goi thu vien can thiét sé dude luu trit trong tép requirements.txt kem
theo v6i ma ngudn. Dé cai dit tat ca cac thu vien tit file requirements.txt,

ban sit dung lénh:

pip install -r requirements.txt
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5.2. Th nghiém va danh gia

5.2.1. Thi nghiém vdi cac vt du nho

402

403

404 knapsack = Knapsack(

405 capacity=1%@,

4086 item_weights=(56, 59, 8@, 64, 75, 17),
4087 item_values=(50, 58, 64, 46, 50, 5),
498 )

499  # ([1, 1, ®, @, 1, @], 158, 198)

410  # ([1, 1, ®, @, 1, ©], 158, 190)

411  # ([1, 1, ®, @, 1, ©], 158, 190)

412 % ([1, 1, @, @, 1, @], 158, 19@)

413

414 items = knapsack.sort()
415 print(knapsack.dynamic_programming_vanilla(knapsack.items))
416 print(knapsack.dynamic_programming_Toth(knapsack.items))

417 print(knapsack.dynamic_programming_elimination_deminated(knapsack.items))
418 print(knapsack.dynamic_programming_Horowitz_5Sahni (knapsack.items))

A1

PROBLEMS QUTPUT DEBUG CONSOLE TERMINAL PORTS

Cuda compilation tools, release 11.7, V11.7.99

Build cuda_11.7.r11.7/compiler.31442593_@

[:[lnhutnan@lnnam—arch] - [~/Workspace/Knapsack] - [2024-10-02 11:13:17]
[@] <*» python knapsack_v2.py

([1, 1, @, @, 1, 0], 158, 19@)
([1, 1, @, @, 1, 0], 158, 19@)
([1, 1, @, @, 1, 0], 158, 190)

([1, 1, @, @, 1, @], 158, 190)
(—[lnhutnin@lnnam—arch] - [~/Workspace/Knapsack] - [2024-10-02 11:14:22]

Hinh 5.1: Thi nghiém Vi du 1.
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483
404 knapsack = Knapsack(

405 capacity=182,

406 item_values=(15, 180, %0, 60, 4@, 15, 10, 1),
407 item_weights=(2, 20, 20, 30, 40, 30, 60, 11),
408 }

4089 # ([1, 1, 1, 1, @, 1, @, ®], 288, 1@2)

418 # ([1, 1, 1, 1, @, 1, @, ®], 288, 1@2)

411  # ([1, 1, 1, 1, @, 1, @, ®], 288, 1@2)

412 # ([1, 1, 1, 1, @, 1, @, 8], 288, 182)

413

414 items = knapsack.sort()

415 print(knapsack.dynamic_programming_vanilla(knapsack.items))

416 print(knapsack.dynamic_programming_Toth(knapsack.items))

417 print(knapsack.dynamic_programming_eLlimination_dominated(knapsack.items))
418 print(knapsack.dynamic_programming_Horowitz_5ahni(knapsack.items))

419

420

421 # knapsack = Knapsack(

PROBLEMS OUTPUT DEBUG COMNSOLE TERMINAL PORTS

[:[Inhutnam@lnnam—arch] - [~/Workspace/Knapsack] - [2024-10-02 11:17:508]
® —[e] <> python knapsack_v2.py

(1, 1, 1, 1, @, 1, @, @], 280, 102)

(1, 1, 1, 1, @, 1, @, @], 280, 102)

(f1, 1, 1, 1, @, 1, @, a], 280, 102)

([, 1, 1, 1, @, 1, 0, @], 280, 182)

[:[Inhutnam@lnnam—arch] - [~/Workspace/Knapsack] - [2024-10-02 11:17:51]

L% B

Hinh 5.2: Thi nghiém Vi du 2.

5.2.2. Danh gia thot gian va do phic tap b6 nhd thuc thi

Do qué trinh thuc thi cac thuat toan “dynamic_ programming Horowitz Sahni®

va “dynamic_programming elimination dominated®. ton rat nhiéu tai nguyen
tinh toan, trong khi tai nguyeén khong dap tng du. Vi vay, trong phan danh gia
nay, ching toi sé khong danh gia cho két qua hai thuat toan trén.

Data danh gia bao gom 3 bo dit lieu 1a 00Uncorrelated, 02StronglyCorre-
lated va 12Circle. Mdi bo gom 4 tap tin chita thong tin ctia bai toan Knapsack

v6i s6 lugng do vat lan lugt 1a 50 va 100; dung lugng tdi ting dan.
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Phiic tap thoi gian

Thuat toan Thoi gian (ms)
greedy binary 0.06644
greedy 0.05246
dynamic programming vanilla 7956.2574
dynamic programming Toth 1407.7398

Bang 5.1: Thoi gian chay cua cdc thudt toan

Phaiic tap bo nho

Thuat toan RAM (MB)
greedy binary 0.00016
greedy 0.00130
dynamic programming vanilla 4.7073
dynamic_ programming_Toth 1.0294

Bang 5.2: RAM si dung ciua cdc thudt todan

Nhan xét: V6i ho thuat toan Greedy sé cho két qua thoi gian va st dung
RAM t6t hon so v6i hai thuat toan con lai, tuy nhién nhu da trinh bay, hai
thuat toan nay khong cho két qua t6i wu, ching t6i dua vao day dé lay lam can
ctt so sanh. Trong khi d6, thuat toan quy hoach dong Toth cho két qua t6t trén
ca thoi gian va do phtic tap bo nhé (tuong ting la 6x va 3x). Diéu nay phu hgp

v6i 1y thuyét ching toi da trinh bay 6 chuong truée.
5.2.3. Huéng dan chay ddanh gid
1. Chay danh gia trén tap du lieu

python3 knapsack.py --data [input-datal

--output [output-save] --mode eval

Vi du:
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python3 knapsack.py --data kplib --output output --mode eval

2. Chay test két qua:

python3 knapsack.py -—-mode infer

- Man hinh héi: input capacity:, nhap dung lugng tai, vi du: 10

- Man hinh héi: input weights, separated by *,‘:, nhap khoi lugng ting
vat phan cach bdi dau “*, vi du: 5,7,3

¢

- Man hinh héi: input values, separated by ‘,‘:, nhap gia tri timg vat

phan cach béi dau “~, vi du: 5,15,6.

- Két qua:

input capacity:

10

input weights, separated by °,":
5,7,3

input values, separated by °,°
5,15,6

greedy:

solution: (0, 1, 1)

value: 21

greedy_binary:

solution: (0, 1, 1)

value: 21
dynamic_programming_vanilla:
solution: [0, 1, 1]

value: 21

o8



dynamic_programming_ Toth:

solution: [0, 1, 1]

value: 21

dynamic_programming_ Horowitz_Sahni:
solution: [0, 1, 1]

value: 21
dynamic_programming_elimination_dominated:
solution: [0, 1, 1]

value: 21
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CHUONG 6

KET LUAN

Thuat toan Knapsack 1a mot trong nhiing bai toan t6i uwu hoa co dién trong
khoa hoc may tinh va todn hoc. Thong qua qua trinh tim hiéu va thyuc hien lai

thuat toan, ching ta c6 thé rit ra mot s6 két luan quan trong sau:

e Su phiic tap ciia bai toan: Bai toan Knapsack ton tai dudi nhiéu bién thé
khac nhau nhu bai toan Knapsack 0/1, bai toan Knapsack phan s6 (Frac-
tional Knapsack), va bai toan Knapsack nhiéu chiéu (Multi-dimensional
Knapsack). Méi bién thé déu c6 do phric tap riéng, trong d6 bai toan Knap-
sack 0/1 1a dang phd bién nhat nhung c6 do phiic tap cao, dac biét 1a khi

s6 luong vat pham 1én.

e Cac phuong phap giai quyét: Thuat toan tham lam (Greedy) la phuong
phap don gidn va hiéu qua nhat cho bai toin Knapsack phan s6, nhung
khong ap dung duge cho bai toan Knapsack 0/1. V6i bai toan Knapsack
0/1, cac thuat toan quy hoach dong va quay lui (backtracking) thuong
duge st dung dé tim ra 16i giai t6i wu. Tuy nhién, nhing thuat toan nay
c6 do phiic tap thoi gian cao, do d6 can t6i wu héa hiéu suét khi trién khai

trén thuc té.

e Hiéu qua cua cac phuong phap: Trong qua trinh thyc hién lai thuat
toan, ching ta nhan thay rang thuat toan quy hoach dong c6 kha nang tim
ra két qua chinh xéac v6i do phiic tap thoi gian O(ne) (trong dé n 1a s6 lugng
vat pham v ¢ 1a dung luong ctia tai), nhung doi hoi bo nhé 16n. Thuat toan
tham lam tuy nhanh va don gidn nhung chi phtt hop cho bai toan phan so,

va khong luon cho ra két qué t6i wu trong bai toan Knapsack 0/1.
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e Ung dung thuc tién: Thuat toan Knapsack c6 nhidu tng dung thuc té
trong cac linh vire nhu t6i wu héa tai nguyen, lap ké hoach san xuat, quan
Iy tai chinh, va cac hé théng phan phdi hang héa. Hiéu 16 vé cach hoat dong
va han ché clia ting thuat toan gitip dua ra nhiing gidi phap phit hop cho

cac bail toan thuc tién.

e Nhitng cai tién trong tuong lai: Viéc nghién ctu va ap dung cac thuat
todn tién hoa hodc heuristic nhu thuat todn di truyén (genetic algorithm)
hodc thuat toan bay dan (swarm optimization) c¢6 thé 1a mot huéng di hita
hen dé giai quyét bai toan Knapsack véi cac dit lieu 16n, noi ma céc phuong

phap truyen thoéng gap phai han ché vé thoi gian va tai nguyen.

Tém lai, viec tim hiéu va thyuc hién lai thuat toan Knapsack da gitap ching ta
hiéu sau hon vé ban chét clia cac bai toan t6i wu hoa, tit d6 c6 the tng dung vao
nhiéu linh vic khac nhau. Tuy nhién, dé dat dugc hiéu qua cao, viéc lua chon
phuong phap giai quyét phit hgp véi ting tinh huéng cu thé la vo ciing quan

trong.

61



PHU LUC 1: MA NGUON PYTHON CHO THUAT
TOAN KNAPSACK

.1. Ma nguon:

Knapsack algorithmn
.2. Céc 16p bb tro

1 class Item:

2 def __init__(self, weight, value, id):
5 wun

4 Initialize the Item class.
5

6 Parameters

- [ —

8 weight : int

9 The wetght of the item.
10 value : int

11 The wvalue of the item.
12 2d : int

13 The <d of the item.

14

15 Returns

6 TTTTT—=

17 Nomne

18 wun

19 self .weight = weight

20 self .value = value
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self .ratio = value / weight

self.id = id

class Knapsack:

def

__init__(self, capacity, item_weights, item_values):

nimnn

Initialize the Knapsack class.

Parameters
capactty : int
The mazimum weight the knapsack can hold.
ttem_weights : list of int
The weights of each ttem.
ttem_values : list of int

The value of each item.

Attridbutes
capacity : int
The mazimum weight the knapsack can hold.
ttem_weights : list of int
The wetghts of each item.
ttem_values : list of int
The value of each item.
num_titems : int
The number of items.
self.capacity = capacity

self.items = [
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Item(w, v, i) for i, (w, v) in
- enumerate(zip(item_weights, item_values))

]

self .num_items = len(self.items)

def sort(self):

return sorted(self.items, key=lambda x: x.value,

< reverse=True)

. Cai dat thuat toan tham lam

def greedy(self, items: list[Item]):

nimnn

Find the mazimum value that can be stored in the knapsack

— wusing the greedy algorithm.

Returns

The mazimum value that can be stored in the knapsack.
i
result = [0] * self.num_items
total_value = O
total_weight = O
items = self.sort(items)
for i, item in enumerate(items):
if item.weight + total_weight <= self.capacity:
result[i] = 1
total_weight += item.weight
total_value += item.value

else:

64



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

def

remain = self.capacity - total_weight
if remain ==
continue
total_value = total_value + item.value * remain /
— 1ltem.weight
result[i] = 1
break

# return solution based on original tds
result, _ = zip(*sorted(zip(result, items), key=lambda x:

return result, total_value

greedy_binary(self, items: list[Item]):
nimnn
Find the mazimum value that can be stored in the knapsack

— using the greedy algorithm.

The mazimum value that can be stored in the knapsack.
# Sort the items by wvalue/weight ratio in descending order
remain_weight = self.capacity
result = [0] * self.num_items
total_value = O
best_idx = 0
items = self.sort(items)
for i, item in enumerate(items):

value = item.value
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weight = item.weight

if weight <= remain_weight:
result[i] = 1
remain_weight -= weight
total_value += value
best_idx = 1

if items[best_idx].value > value:

best_idx = i

if items[best_idx].value > total_value:
total_value = items[best_idx] .value
result = [1 if i == best_idx else 0 for i in

— range(self.num_items)]

# return solution based on original ids
result, _ = zip(*sorted(zip(result, items), key=lambda x:
o x[1].id))

return result, total_value

.4. Cai dat thuat toan quy hoach dong

Tht tuc quy hoach dong thuan

def dynamic_programming vanilla(self, items: list[Item]):

nimnn

Find the mazimum value that can be stored in the knapsack

<~ using dynamic programming.

The time complexity is O(n*W) where n is the number of

— ttems and W ts the capacity of the knapsack.
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Returns
result : list
A list of 0/1 indicating whether the item should be
— 4ncluded or not.
total_value : int
The total wvalue of the items.
total_weight : int
The total weight of the items.

nmnn

dp_table = np.zeros((self.num_items + 1, self.capacity + 1))

capacity = self.capacity
for i in range(l, self.num_items + 1):
for w in range(l, capacity + 1):
if items[i - 1] .weight > w:
dp_table[i, w] = dp_table[i - 1, w]
else:

max (

dp_tablel[i, w]

dp_tablel[i - 1, w],
dp_table[i - 1, w - items[i - 1] .weight] +

— items[i - 1] .value,

# traceback chosen items
chosen_items = [0] * self.num_items
total_weight = 0O
for i in range(self.num_items, 0, -1):
if dp_table[i, capacity] > dp_table[i - 1, capacity]:
chosen_items[i - 1] = 1
total_weight = total_weight + self.items[i -

-~ 1] .weight
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capacity = capacity - self.items[i - 1] .weight

return chosen_items, int(max(dp_table[self.num_items]))

. Cai dat thi tuc khi thong tri

def dynamic_programming_elimination_dominated(self, items:
— list[Item]):
def rec2(s, b, Wi, P1, X1, w_m, p_m, c):

i=0
k=0
h=1
y = w_m

Wils + 1] = float("inf") # Wi[s+1] = infinity

# Khéi tao W2, P2, X2

W2 = [0] * (len(W1) + 1)
P2 = [0] * (len(P1) + 1)
X2 = [0] * (len(X1) + 1)

while min(y, Wi[h]) <= c:
if Wilh] <= y:
# Dinh nghia trang thdi ké tiép (p, x)
P1[h]
X1[h]

p

X

if Wilh] == y:
if P1[i] + p_m > p:
p = P1[i] + p_m
X1[i] + b

»
Il

i=1+1
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Wi
P1
X1

y = Wi[i] + w_m

# Luu gid trang thdi ké tiép néu khong bi théng

o tre

if p > P2[k
k=%k+
W2(k] =
P2[k] =
X2[k] =

h=h+1

else:

# Luuw gid trang thdi mdi néu khéng bi thong

— t'f”l,

if P1[i] + p_m > P2[k]:

1:
1

W1[h]

p

X

P1[i] + p_m
X1[i] + b

k=k+1
w2[k] =y
P2[k] =
X2[k] =
i=4i+1
y = Wi[i] + w_m
s =k
b=2xb #b :=2b

return s, b, W2, P2, X2

[0] * (self.num_items + 1)
[0] * (self.num_items + 1)

[0] * (self.num_items + 1)
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# init value for the first state

Wil1] = items[0].weight
P1[1] = items[0] .value
X1[1] = 1

for m in range(2, self.num_items):
s, b, Wi, P1, X1 = rec2(
s, b, Wi, P1, X1, items[m - 1] .weight, items[m -

— 1] .value, self.capacity

max_value = Pil[s] # z = P1_s

x = [0] * self.num_items

while b > 0 and X1[s] !'= O:
for i in range(self.num_items - 1, -1, -1):

if X1[s] & (1 << 1i):
x[i]
b -=2

1

return x, max_value

.4.2. Car dat thuat toan Horowitz-Sahni

def dynamic_programming Horowitz_Sahni(self, items: list[Item]):
def generatesubset(items):
n = len(items)
subsets = []

for i in range(n + 1):
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for comb in combinations(items, i):

weight = sum(item.weight for item in comb)

profit = sum(item.value for item in comb)
subset_items = [item for item in comb]

# subsets.append((weight, profit))
subsets.append((weight, profit, subset_items))

return subsets

horowitz_sahni_knapsack(items) :

q = math.ceil(self .num_items / 2)

itemsl = items[:q]
items2 = items([q:]
subsetsl = generatesubset (items1)

subsets2 = generatesubset(items2)

# Sort subsets by weight
subsets2.sort (key=lambda x: x[0])

# Filter the subsets2 to keep only the ones with the

— highest profit for each weight

filtered_subsets2 = []

max_profit = -1

for weight, profit, subset_items in subsets2:

if profit > max_profit:

# filtered_subsets2.append((weight, profit))
filtered_subsets2.append((weight, profit,
— subset_items))

max_profit = profit

# Initialize maxzimum profit
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max_profit = 0

best_combination = []

# For each subset in subsetsl, find the best complement
- 1n subsets2
for weightl, profitl, subsetl_items in subsetsl:
remaining_capacity = self.capacity - weightl
if remaining_ capacity < O:

continue

# Binary search to find the best subset in subsets2
— that fits within the remaining capacity
lo, hi = 0, len(filtered_subsets2) - 1
while lo <= hi:
mid = (lo + hi) // 2
if filtered_subsets2[mid] [0] <=
— remaining_capacity:

lo

mid + 1

else:

hi = mid - 1
# If we found a valid subset in subsets2, update
— the maz profit
if hi >= 0O:

# maz_profit = max(maz_profit, profitl +

< filtered_subsets2/[hi][1])

total_profit = profitl +

— filtered_subsets2[hi] [1]

if total_profit > max_profit:

max_profit = total_profit

best_combination = (
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subsetl_items + filtered_subsets2[hi] [2]

) # Combine ttems from both subsets

# return subsetsl, subsets2, mazx_profit
# return maz_profit

return best_combination, max_profit

selected_items, max_profit = horowitz_sahni_knapsack(items)

solution = [1 if item in selected_items else O for item in

< items]

return solution, max_profit

.4.3. Cai dat thudt toan Toth

def dynamic_programming Toth(self, items: list[Item]):

nnn

Find the mazimum value that can be stored in the knapsack
— ustng dynamic programming

with the Toth algorithm.

The time compleztity ts O(n*W) where n is the number of

— dtems and W ts the capacity of the knapsack.

This algorithm ts a variant of the dynmamic programming
— algorithm for 0/1 knapsack problem.
It uses a binary search tree to store the mazimum value
— that can be stored in the knapsack

with the given capactty.

Returns
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result : list
A list of 0/1 indicating whether the item should be
— 4ncluded or not.
total_value : int
The total wvalue of the items.
total_weight : int
The total weight of the items.

nmnn

def rec(v, c, P, X, w_m, p_m, b):
mimn
Update the dynamic programming table P and X from the

-~ given v to v + w_m.

Parameters

v : ownt
The current wvalue of the maxzimum value that can be
— stored in the knapsack.

c : int
The capacity of the knapsack.

P TSt
The dynamic programming table to store the maximum
— wvalue that can be stored in the knapsack.

X : list
The dynamic programming table to store the number
— of ttems that are included in the optimal
- solution.

w_m : %nt

The weight of the current <tem.
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p_m : int
The value of the current titem.
b : int
The power of 2 that %s used to calculate the next

— wvalue of v.

Returns
v : wnt
The updated wvalue of the maxzimum value that can be
— stored in the knapsack.
b : int
The updated wvalue of b.
P : list
The updated dynamic programming table P.
X : list
The updated dynamic programming table X.
"
if v < c:

u =yv

v = min(v + w_m, c)
for hat_c in range(u + 1, v + 1):
P[ul

X [ul

Plhat_c]

X[hat_c]

for hat_c in range(v, w.m - 1, -1):

if P[hat_c] < P[hat_c - w_m] + p_m:

Plhat_c] = P[hat_c - w_m] + p_m

X[hat_c]

X[hat_c - w_m] + b

b x= 2
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return v, b, P, X

>~ o
I Il

for hat_c in
Plhat_c]
X [hat_c]

v = items[0].

> ‘g
—/
< <
P
n I

1

for i in range(l, self.num_items):
v, b, P, X = rec(v, self.capacity, P, X,

— items[i] .weight, items[i].value, b)

z

range (0, items[0].weight):

=0
0

weight

items [0] .value

P[self.capacity]

[0] * (self.capacity + 1)
[0] * (self.capacity + 1)

x = [0] * self.num_items

remain_weight

while remain_weight > 0 and X[remain_weight]
for i in range(self .num_items - 1, -

if X[remain_weight] & (1 << i):

= self.capacity

x[i] =

remain_weight

if remain_weight > O:

return [1] * self.num_items, max(P), self.capacity

return x, z
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