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L.OI CAM ON

Loi dau tién, to6i xin phép gui 10i cdm on chan thanh dén cdc Thay huéng
dan ctia moén hoc Phuong phép nghién cttu khoa hoc - GS. TS. Bui Xuan Hai
va PGS. TS Mai Hoang Bién - giang vién khoa Toan - Tin hoc, truong Dai hoc
Khoa hoc Tu nhién, Dai hoc Quéc gia TP. HCM da truc tiép huéng dan va gitp
ds tan tinh trong sudt qua trinh nghién ctu thuc hién tiéu ludn nay. Nho vao
nhitng dinh huéng, va gép ¥ quy gia ctia thay, t6i da hoan thanh tron ven dé tai
tiéu ludn ctia minh.

Tiép theo, t6i xin gt 16i cAm on dén quy Thay, C6 trong khoa Toan - Tin
hoc, trudng Pai hoc Khoa hoc Tu nhién, Dai hoc Quéc gia TP. HCM da nhiét
tinh gidng day da truyén dat cho toéi nhimg kién thtic sdu sac vé mat chuyén
moén 1y thuyét va tng dung thuc tién trong sudt qué trinh hoc tdp & trudng.
Nhitng diéu nay da gép phan quan trong trong viéc hoan thanh tiéu luin nay

cua toi.

Lé Nhut Nam



MUC LUC

LOI CAM ON

DANH MUC CAC KY HIEU, CHU VIET TAT
DANH MUC CAC BANG

DANH MUC CAC HINH VE, PO THI

LOI NOI PAU

1 TOM TAT VA NHAN XET KHOA HQC
1.1 Ban tém tat khoahoc . . . .. ... ... ...
1.2 Ban nhén xét khoa hoc . . . . . . ... ... ... ... ... ...

2 TAP HQP, HAM, VA QUAN HE

3 PHAN TiCH VE TRI THUC KINH NGHIEM VA TRI THUC

KHOA HOC

3.1 Thénado la tri thte? . . .. ... ... ... ... ... ...,
3.2 Thénaolakhoahoc? . . ... ... ... .. . ... .........
3.3 Thé nao 1A tri thitc kinh nghiém? . . . . . ... ... ... .....
3.4 Thé nao la tri thitc khoa hoc? . . . . . ... ... ... .. .....
3.5 Su khéac biét gitta tri thitc kinh nghiém va tri thitc khoa hoc . . .

4 MUC PIiCH VA MUC TIEU NGHIEN CUU

4.1 Thé nao la muc tiéu nghién cttu? . . . . ... ... ... ... ...

11

iv

vi

vii

14
14
15
17
19
21

23



4.2 Thé nao la muc dich nghién ctu? . . . .. ... ... ... .....

4.3 Su khéc biét gitta muc dich va muc tiéu nghién cttu . . . . . . ..

5 PHAM CHAT TRONG NGHIEN CUU KHOA HOC
5.1 DPung trong nghién cttu khoa hoc . . . . . .. .. ... ...
5.2 Trung thuc trong nghién ctu khoa hoc . . . . . . . ... ... ...
5.3 MGdi va hay trong nghién cttu khoa hoc . . . . . .. ... ... ..

6 LUA CHON DE TAI NGHIEN CUU KHOA HOC
6.1 Xac dinh dé tai, nhiém vu va ddi tuong nghién cttu . . . . . . . .
6.2 Xac dinh muc tiéu nghién cttu . . . . . . . ... ... ... ... ..
6.3 Xéac dinh muc dich nghién cttu . . . . .. ... ...
6.4 Dua ra cadc cau hoi nghién cttu . . . . . . ...
6.5 Datra cic gid thuyét bandau . . . . ... ... ... ... .....
6.6 Xac dinh dbi tuong khao sat va pham vi nghién cttu . . . . . . . .

6.7 Vai tro ctia luwa chon dé tai trong nghién ctu khoa hoc. . . . . . .

7 VAI TRO CUA TAP CHI MATHEMATICAL REVIEWS
7.1 Tim hiéu vé tap chi Mathematical reviews . . . . . ... ... ...

7.2 Vai tro ctua tap chi Mathematical reviews . . . .. ... ... ...

8 BINH LUAN VE IMPACT FACTOR
8.1 Impact factor 14 gi? Y nghia cta né? . . . . . ... ... ... ...

8.2 Impact factor thap thi c6 ddng lo ngai? . ... ... ... ... ..
9 THONG TIN HOQC VIEN
10 THIET KE LUAN VAN THAC ST TOAN HOC

11 TAI LIEU PiNH KEM

1ii

25
26

28
28
28
29

30
30
30
31
31
32
32
32

34
34
34

36
36
36

38

39

77



DANH MUC CAC KY HIEU, CHU VIET TAT

Set

Subset

Intersection

Union

Set difference
Symmetric differnece
Power set

Ordered pair

Cartesian product
Function

Map

Domain

Co-domain

Injective function/ map
Surjective function/ map
Bijective function/ map
Permutation
Composition of functions
Image of function
Pre-image of function
Identiy map

Left inverse of function
Right inverse of function

Inverse of function

Tap hop

Tap hop con

Giao

Hoi

Hiéu tap hop

Hiéu déi xitng

Tap luy thia

Cap thu tu

Tich Cartesian

Ham

Anh xa

Mién

Dong mién

Don anh

Toan anh

Song anh

Hoéan vi

Ham hop/ Anh xa hop
Anh ciia 4nh xa/ ham
Tién anh ciia 4nh xa/ ham
Anh xa don vi

Nghich dao trai ciia ham
Nghich dao phai ctia ham
Nghich dao ctia ham

iv



Relation

Reflexive relation
Symmetric relation
Transitive relation
Equivalence relation
Equivalence class
Partition of set
Quotient map
Empirical knowledge

Scientific knowledge

Quan hé

Quan hé phan xa
Quan hé doi xting
Quan hé két hop
Quan hé tuong duong
Lép tuong duong
Phan hoach tap hop
Anh xa thuong

Tri thic kinh nghiém
Tri thitc khoa hoc



Bang 2.1

DANH MUC CAC BANG

Bang phan loai quan hé déi véi Vi du (i) - (vi).

Vi



DANH MUC CAC HINH VE, PO THI

vii



LOI NOI PAU

Pay 1a tiéu ludn cudi ky mon hoc Phuong phap nghién citu khoa hoc, cao
hoc nganh Toan, khéa 33. Trong tiéu ludn nay, ching t6i trinh bay thanh ting
chuong, moéi chuong binh ludn va dua ra cdu tra 16i cho ting cdu héi ma de
tai yéu cau. Hai chuong dau tién cta tiéu ludn thudc phan thuc hanh, va céc

chuong con lai thudc phan 1y thuyét. Cau tric cta tién ludn nhu sau:

Chuong 1: Tém tit va nhan xét khoa hoc Trong chuong nay, ching téi
thuc hanh lam mot ban tém tat khoa hoc v mot ban nhén xét khoa hoc
doi v6i mot bai bao khoa hoc da dude chap nhan dang tai trén mot tap chi

nganh Toan.

Chuong 2: Tap hgp, Ham, va Quan hé Trong chuong nay, ching toi trinh
bay mot chi dé dau tién va ciing 1a nén tang cho Toan cao cap - Tap hop,

Ham, va Quan hé.

Chuong 3: Phan tich vé tri thitc kinh nghiém & tri thic khoa hoc Péi
v6i chuong nay, ching toi trinh bay va phan tich vé tri thitc kinh nghiém

va tri thitc khoa hoc dé lam ro su khac biét gitta hai khai niém nay.

Chuong 4: Muc dich va muc tiéu nghién cttu Trong chuong nay, ching t6i
trinh bay va phéan tich vé muc dich va muc tiéu trong nghién cttu khoa hoc.
T do, ching t6i chi ra va lam ro su khac biét gitta hai khai niém nay.

Chuong 5: Pham chit trong nghién citu khoa hoc Trong chuong nay, chiing
t61 trinh bay va phan tich nhiing pham chit trong moét nghién citu khoa
hoc. Chung t6i dua trén nhitng nhan dinh cia GS. Ngo Bao Chau va tap
trung vao ba yéu té chinh bao gom: ding, trung thuc, va méi va hay, trong

dé tap trung nhan manh vao yéu t6 dung va trung thue.
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Chuong 6: Lua chon dé tai nghién citu khoa hoc Trong chuong nay, ching

t6i trinh va phan tich vé giai doan lua chon dé tai nghién cttu khoa hoc.

Chuong 7: Vai tro ciia tap chi Mathematical reviews Trong chuong nay,
ching t6i tim hiéu va thao luin vé vai tro ctia tap chi Mathematical reviews

déi v6i nhitng ngusi lam Toan.

Chuong 8: Binh ludn vé Impact Factor Chi s6 Impact Factor (IF) 1a mot
trong cac chi sé quan trong trong viéc lua chon tap chi. Vi thé, trong chuong
nay ching t6i trinh bay vé nd, va phan tich ¥ nghia ctia né déi véi mot tap
chi. Dong thdi, chiing téi cling dit ra va lam ro mot cau héi “liéu Impact

factor thap thi c6 dang lo ngai?”.

Chuong 9: Théng tin hoc vién C6 Ié goi 1a chuong thi ciing khong ding ldm,
nhung dé phit hop va théng nhét véi cdu tric chung ma ban dau ching toi
da dat ra thi chung t6i tam goi né la Chuong. Trong chuong nay trinh bay

ve mot so thong tin ¢o ban cia hoc vién va nganh hoc ctia hoc vién.

Chuong 10: Thiét ké ludn vin thac si Toan hoc Trong chuong nay, ching
toi thuc hién trinh bay ciu tric hoan chinh cho mét ludn van thac si Toan

hoc v6i mot deé tai gid dinh.



CHUONG 1

TOM TAT VA NHAN XET KHOA HOC

Trong chuong nay, chiing t6i thuc hanh lam mot ban tém tat va nhan xét khoa
hoc déi véi bai bdo On Global Error Bounds for Convexr Inequalities Systems
clia tdc gid/ Thay Vo Si Trong Long ding trén tap chi Journal of Optimization
Theory and Applications. Ban dinh kem copy ducce ghép trong bdo cdo nay.

1.1. Ban t6m tit khoa hoc

Trong bai bdo nay, trudce tién téc gid trinh bay céc diéu kién can va du cho su
ton tai clia chin sai s6 toan cuc dbi véi ham 16i ma khong c¢é diéu kién bé sung
do6i v6i ham hodc tap nghiém. Dic biét, ching ta thu dude céc dac tinh clia céc
gidi han sai s6 toan cuc nhu vay trong khong gian Euclide, thudng dé kiém tra.
Thit hai, ching t6i cung cip rang theo mét gia dinh phu hop, duéi vi phan cia
ham t6i cao ctia mot ho tly ¥ cdc ham lién tuc 16i tring véi bao 16i ctia dudi vi
phén clia cdc ham tuong tng v6i céc chi s6 kich hoat tai céc diém da cho. Hon
nita, vé mat tng dung, bai bdo nghién cttu su ton tai clia chin sai s6 toan cuc
dbi véi cde hé bat ding thic tuyén tinh va 161 vo han. Mot s6 vi du ciing duoc
cung cap dé giai thich nhitng wu diém ciia két qua duoe trinh bay so véi nhing

két qua hién cé trong céac tai liéu tham chiéu gan day.

1.2. Ban nhan xét khoa hoc

Bai bao nay nghién cttu su ton tai va dac trung ctia cac chan sai s6 toan cuc
cho cac ham 16i trong khong gian Euclid, cung cap cac dieu kién can va di ma
khong can ap dat cac yéu cau bo sung lén cac ham hoac tap nghiém cua ching.

Bang céch tap trung vao khong gian Euclid, tac gid dua ra céc diéu kién dé kiém
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tra, nang cao tinh tng dung thuc té.

Hon nita, tac gid kham phé céc tinh chat ctia dudi vi phan ctia ham chén trén
nho nhat duge hinh thanh tit moét taAp hop tuy ¥ cta cdc ham 16i lién tuc. Cu
thé, téc gia chimg minh rang, dudi mot gid dinh thich hop, dudéi vi phan cia
ham chin trén nhoé nhat nay tuong ing véi bao 16i cia cac dudi vi phan clia céc
ham thanh phan tai cic chi s6 dang hoat dong. Két qua nay mdé rong hiéu biét
ciia ching ta vé moi quan hé gitta cidc dudi vi phan ctia cdc ham thanh phan va
ham chan trén nhé nhat ctia ching, cung cap mot géc nhin méi vé phan tich 16i.

Céc tmg dung ctia nhitng phat hién 1y thuyét nay dac biét cb lién quan dén
viéc nghién citu cic chan sai s6 toan cuc trong cac hé théng dude dac trung béi
cdc bat ding thic tuyén tinh va 161 vé han. Két qua clia téc gid khong chi tong
quét héa céc 1y thuyét hién c6 ma con cung cap cac tiéu chi thuc té dé ap dung
hon.

Xuyén subt bai bao, nhidu vi du duge dua ra dé minh hoa nhiing wu diém
clia cac dicu kién dé xuat so véi cac dicu kién hién cé, chitng minh hiéu qua va
tinh hitu dung cai thién ctia phuong phép tiép cén ctia ching toi trong nhicu
ngtt canh khac nhau. Céc vi du nay nhan manh tam quan trong thuc tién cta
nhitng déng gép 1y thuyét ctia tac gia, lam noi bat tiem ning anh hudéng dén

viéc giai quyeéet cidc van de toi uu hoéa phitc tap lién quan dén cac ham 16i.



CHUGNG 2

TAP HOP, HAM, VA QUAN HE

Trong chuong nay, ching toi trinh bay vé cht dé tap hop, ham, va quan heé.
DPay 14 mot chii dé nén tang co s cho Toan hoc. Chit dé nay nham cting ¢ kién

thttc nén tang cho Giai tich 1.

2.1. Tap hop

Dinh nghia (Tap hop). Tdp hop (set) 1a mot cdc ddi tuong, khong lién quan
dén tht tu. Cdc phan ti trong mot tdp hop chi duge tinh mot lan. Vi du: néu
a=20b=c=1thi A= {a,b,c} chico hai thanh phan. Ching ta viét z € X néu

= 1a thanh phan cta tip X.
Vi du. Céc tap hop pho bién va céc ki hiéu dung dé biéu thi ching:

N ={1,2,3,---} 1a cdc sd tu nhién

No = {0,1,2,---} 1a cdc s6 tu nhién véi 0

e Z={--,-2,-1,0,1,2,---} 1a cdc s6 nguyén

Q={%:a,b€Z,b+#0} 1a cdc sd hitu ti

R 1a céc s6 thuc

C 1a céc sd phtc

Ngudi ta van con tranh luan liéu 0 cé phai 1a sé tu nhién hay khéng. Nhing
ngudi tin rang 0 1a sd tu nhién thuong viét N cho {0,1,2,---} va N* cho cac sb
tu nhién duong. Tuy nhién, trong hau hét moi truong hop, diéu dé khong thanh

van de va khi xay ra, ching ta nén dua ra chi dinh ro rang.
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Pinh nghia (St bang nhau ciia céc tap hop). A dude goi la bang B, va duge
viét 1a A = B, néu

(Ve)x € A x € B,
ttc 14, hai tdp hop 14 bang nhau khi ching c¢é cting phan ti.

Dinh nghia (Tap hop con). A 1a mot tdp hop con ciia B, dugc viét 1A A C B

hodic A C B, néu tit ca cic phan tit trong A déu nam trong B, tic 1a
(Ve)r e A= x € B.

Dinh Iy. (A=B) & (AC Bva B C A)

Gia st X la mot tap hop va P 1a thuoc tinh ctia mot sb phan ti trong ,
chiing ta c6 thé viét mot tap hop {« € X : P(x)} cho tap con ctia = bao gdm ctia
cac phan tt ma P(z) 1a ding. Vi du: {n € N:n la sb nguyén t6} 1a tap hop tat

ca cac sO nguyén to.

Dinh nghia (Giao, hdi, hiéu tdp hop, hiéu déi xting, va tap liy thita). Cho hai
tap A va B, chung ta dinh nghia nhu sau:

e Giao: ANB={z:x€ Avaze B}
e« Hoi: AUB={x:2 € A hoac x € B}
o Hiéu tap hop: A\B={re€ A:z ¢ B}

o Hiéu ddi xting: AAB = {2 : 2 € A hodc chi z € B}, ttic 1a céc phan tit thudc

chinh xac mot trong hai tap
o Tép liiy thita: P(A) = {X : X C A}, ttic 12 tAp hop tat ca céc tap hop con

Céc tap hop mdi chi cé thé duge tao thong qua céc toan tit trén ddi véi céc
tap hop cil (cong thay thé, nghia 1 ta c6 thé thay thé mot phan tit ctia tap
hop bang mot phan tit khac). Ngusi ta khong thé tiy tién tao cdc tAp hop nhu
X = {z: 2 1a mot tdp hop va = ¢ x}. Néu khong nghich 1y sé ndy sinh.
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Ching ta c6 mot sd quy téac lién quan dén céch hoat dong ciia céc toan ti,

didu nay cé thé thiy ro bang truc gidc.
Ménh dé.
e (ANB)NC = AN (BNC)
e (AUB)UC =AU(BUC)
« AN(BUC) = (ANB)U(ANC)
Ky hiéu. Néu A, 13 cac tdp hop v6i moi o € I, thi

(A ={z: (VacDac Au}

acl

va

UAa:{x:(ElozEI)xEAa}.

acl
Dinh nghia (Cap thit tu). Mot cdp cd thit tu (a,b) 1d mot cdp gom hai phan tit
ma, thit tir 1a quan trong. Vé méat hinh thtic, né dude dinh nghia 1a {{a}, {a,b}}.
Chuing ta c6 (a,b) = (a/,b') néu va chi nédu a =d vab=1.
Dinh nghia (Tich Cartesian). Cho hai tdp A, B, tich Descartes cia A va B la

AxB ={(a,b) : a € A,b € B}. Diéu nay c6 thé dugc mé rong cho tich n 1an, vi du:
RI_RxRxR={(z,4,2): 2,5, € R} (chinh thitc 1a {(z, (3, 2)) : 7,9, > € R}).

2.2. Ham

Dinh nghia (Ham/ dnh xa). Mot ham (function) (hoac dnh ra - map) f : A — B
1a mot "quy tac’gan, cho mdi a € A, chinh xdc mot phan tit f(a) bngB. Chiing
ta c6 thé viét a — f(a). A va B lan lugt dudc goi 1a mién (domain) va dong mién

(co-domain).

Néu chiing ta muén hinh thiic hon, ching ta c¢6 thé dinh nghia mét ham 1a

mot tidp con f C A x B sao cho véi moi a € A, ton tai mot b € B duy nhat sao
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cho (a,b) € f. Sau d6 ching ta nghi vé (a,b) € f khi néi f(a) = b. Tuy nhién,
mic di diéu nay c6 thé déng vai trdo nhu mot dinh nghia chinh thitc vé ham sb,

nhung d6 1a mot cdch nghi rat phtc tap vé ham.

Vi dy. 22: R — R 1a mot ham gtii « dén 22. 1 : R — R khong phai 14 mot ham
vi f(0) khong duge xac dinh. +2 : R — R cling khong phai la mét ham vi né cé

nhiéu gia tri (multi-valued).
Viéc phan loai céc 4nh xa thanh cac loai khac nhau thudng rat hitu ich.
Dinh nghia (Don 4nh). Ham f: X — Y 14 don dnh néu né cham vao moi thit

nhiéu nhat mot lan, tic 1a.

(Vz,y € X) f(x) = f(y) =z =1y.

Dinh nghia (Toan d4nh). HAm f : X — Y 1a todn dnh néu n6 cham vao moi thit

it nhat mot lan, tic 1a.
(VyeY)(Fr e X) f(z) =y

Vidu. f: R — R"U{0} with z — 22 1 toan 4nh nhung khong 1a don 4nh.

Dinh nghia (Song d4nh). Mot ham 14 song dnh néu né vita 13 don 4nh va vita

14 toan anh, titc 1a né cham moi thit chinh xdc mot lan.
Dinh nghia (Hoan vi). M&t hodn vi cia A 1a mdt song dnh A — A.

Pinh nghia (Ham hop). Hop ciia hai ham 1a ham ma nhan dude bang cich 4p
dung lan luot ttmg ham. Cu thé, néu f: X Y v G:Y - Z,thigof: X = Z
duge xac dinh bdi g o f(z) = g(f(z)). Luu ¥ rang thanh phan ham cé tinh két
hop.

Pinh nghia (Anh ctia hAm). Néu f: A — BvaU C A, thi f(U) = {f(u) :u € U}.
f(A) la anh cua A.



Béi dinh nghia, f 1a toan 4nh néu va chi néu f(A) = B.

Dinh nghia (Tién d4nh). Néu f: A - BvaV C B, thi f Y (V)={a€ A: f(a) €
V1.

Day 1a tién dnh ctia ham f va hoat dong trén cdc tdp con clia B. Diéu nay
duge xéc dinh cho bat ky ham f ndo. Diéu quan trong can luu ¥ 1a ching ta
stt dung cing mét ky hiéu =1 dé biéu thi hdm nghich ddo ma ching ta sé dinh
nghia sau, nhung ching 13 nhitng thuc thé rat khac biét. Vi du, ching ta sé thay
ham nghich ddo chi ton tai dbi véi song anh.

Pé dinh nghia ham nghich ddo, trudc tién ching ta can mot s6 dinh nghia so
bo.

Pinh nghia (Anh xa don vi). Anh za don vi dudce dinh nghia 1 4nh xa a — a.
Dinh nghia (Nghich déo trai cia ham). Cho truéc f: A — B, mdt nghich ddo
trdi ciua ham ctia f 1la mot ham g: B — A ma go f = idy.

Dinh nghia (Nghich déo phai ctia ham). Cho truée f : A — B, mot nghich dao

phai cia ham of f 1a mot ham g: B — A ma fo g =idg.
Pinh ly. Nghich ddo trai ctia f ton tai néu va chi néu f 1a don anh.

Chiing minh. (=) Néu nghich ddo trdi ¢ ton tai, thi Va,d’ € A, f(a) = f(d') =
g(f(a)) =g(f(d")) = a=4d'. Do déd f la don anh.

(«<) Néu f 1a don anh, chiing ta c6 thé xdy dung ham g dugce dinh nghia nhu

sau
gb)=a it b€ f(A), where f(a) =0
qg: )
g(b) = anything otherwise
Thi ¢ 1a nghich dao trai cua f. ]

Pinh ly. Nghich ddo trai cia f ton tai néu va chi néu f 1a toan anh.

Chiing minh. (=) Ta c6 f(g(B)) = B b6i vi fog la anh xa don vi. Do d6 f phai

la toan anh bdi vi dnh ctia né 1a B.



(<) Néu f 1a toan anh, ching ta c6 thé xay dung mot g sao cho v6i méi b € B,

chon mot a € A v6i f(a) = b, va dat g(b) = mt. [

(Luu ¥ rang dé chimg minh phan thit hai, v6i méi b, chting ta can chon mot
a sao cho f(a) = b. Néu B 1 v han, lam nhu vay doi hoi phai tao ra vo han su
lwa chon tuy y. Chung ta c6 dugce phép lam nhu vay khong?

Dé dua ra nhitng lua chon vo han, ching ta can sit dung Tién dé lua chon
(Aziom of choice), trong d6 néi ré rang dicu nay dude cho phép. Cu thé, né néi
rang v6i mot ho cac tap A; cho i € I, ton tai mot ham lua chon f: I — |J A; sao
cho f(i) € A; v6i moi i.

Vay liéu ching ta c6 thé chting minh dinh 1y ma khong can Tién dé Lua chon
khong? Cau tra 10i 14 khong. Diéu nay 14 do néu ching ta gia sit cdc ham tinh
tit nghich ddo thi ching ta c¢6 thé chtimg minh Tién dé Lua chon.

Gia st moi toan 4nh f déu cé nghich ddo ding. Cho mot ho cac tdp hop
khong trong A; cho i € I (khong mat tinh tong quat, gia sit ching rdi rac), hay
x4c dinh mot ham f: |JA; — I dé gl timg phan tt dén tap hop chita phan tit
d6. Pay 1a tinh tit vi moi tdp hop déu khong tréng. Khi d6 né c6 nghich dao
bén phai. Khi d6 nghich ddo bén phai phai gii ting tdp hop t6i mot phan ti

trong tap hop doé, titc 1a la ham lua chon cho A4;.)

DPinh nghia (Nghich ddo ctia ham). Mot nghich ddo ctia f la mdt ham via
nghich ddo trai vita nghich dao phai. N6 dugc viét 1a f~1 : B — A. N6 ton tai

neu f la song anh, va noé la duy nhat.

2.3. Quan hé

Dinh nghia (Quan hé). Mot quan hé R trén A chi mot s6 phan tit cia A c6
lién hé v6i mot sb khac. Mot cach hinh thitc, mot quan hé 1a mot tap hop con

R C A x A. Ta viét aRb néu va chi néu (a,b) € R.

Vi du. Sau day la vi du vé quan hé trén cac so tu nhién:
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1. aRb néu va chi néu a va b c6 cung chit s6 cudi cting, vi du (37)R(57).
2. aRb néu va chi néu a chia hét cho b. vi du 2R6 va 2 RT.
3. aRb néu va chi néu a # b.
4. aRb néu va chi néu a = b = 1.
5. aRb néu va chi néu |a — b| < 3.
6. aRb néu va chi néu hodc a,b > 5 hoic a,b < 4.
M6t lan nita, chiing t6i muén phén loai cdc quan hé khac nhau.

Dinh nghia (Quan hé phan xtng). Mot quan hé R 1a phdn xing if
(Va) aRa.
Dinh nghia (Quan hé ddi xtmg). Mot quan hé R 1a doi xitng néu va chi néu
(Va,b) aRb < bRa.
Dinh nghia (Quan hé két hop). Mot quan hé R 1 két hop néu va chi néu
(Va,b,c) aRb AN bRc = aRe.

Vi du. Lién quan den cac vi du trén,

Vi du (i) (i) (i) (@v) (V)
Quan hé phan xiing v Vv X X
Quan hé déi xtmng v @x Vv Y
Quan hé két hop v vV X v

JRNEN
RRNIE)

Bdng 2.1: Bdng phdn loai quan hé doi vdi Vi du (i) - (vi).
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Dinh nghia (Quan hé tuong duong). Mot quan hé duge goi la quan hé tuong
duong néu né cé tinh phan xa, d6i xtmg va bac cau. Vi du (i) va (vi) trong céc

vi du trén la cac quan hé tuong duong.

Néu dé 1a quan hé tuong duong, ching ta thuodng viét ~ thay vi R. Nhu tén
cho thay, quan hé tuong duong dude sit dung dé mo ta cdc quan hé tuong tu
nhu ding thite. Vi du, néu ching ta mudn bidu dién cdc s hitu ti dusi dang mot
cip sO nguyén, ching ta c6 thé c¢6 mot quan hé tuong duong duodc xac dinh béi
(n,m) ~ (p,q) iff ng = mp, sao cho hai cip la tuong duong néu ching biéu dién

cling mot s6 hitu ti.

Vi du. Néu chiing ta xem xét mot bo bai, hay x4c dinh hai 14 bai cé lien quan

v6i nhau neu ching c6 cung mot bo.

Nhu da dé cap, ching ta quan tam dén nhitng thit dugdc lién hé béi ~ nhu tuong
duong. Do dé, ching ta muén dong nhat tat ca nhitng thit "tuong duong”lai véi
nhau va hinh thanh mot déi tugng méi.

Dinh nghia (Lép tuong duong). Néu ~ 1a mot quan hé tuong duong, thi Idp

tuong duong [z] 1A tap hop tat cd cdc phan ti c6 lién quan thong qua ~ dén z.
Vi du. Trong vi du vé 14 bai, [80] 1a tap hop tat ci cac 14 co.

Dinh nghia (Phan hoach tap hop). Mot phdn hoach ctia mot tap hop X 1a mot
tap hop cdc tdp con A, clia X sao cho mdi phan ti cia X nam chinh x4c trong

mot trong A,.

Dinh 1y. Néu ~ 1a mot quan hé tuong duong trén A, thi cic 16p tuong duong

cua ~ tao thanh mot phan vung cua A.

Chitng minh. Theo tinh phan xa, ching ta ¢6 a € [a]. Do d6, cac 16p tuong
duong bao trum toan bo tap hop. Bay git ching ta phai chiing minh rang véi
moi a,b € A, [a] = [b] hoac [a] N [b] = 0.

Gia stt [a] N [b] # 0. Khi d6 3c € [a] N [b]. VAy a ~ ¢,b ~ ¢. Theo tinh dbi xtmg,

¢ ~ b. Theo tinh bac cau, ching ta cé a ~ b. V6i moi ¥ € [b], ta c6 b ~ . Do
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d6, theo tinh bac cau, ching ta c6 a ~ V. Do d6 [b] C [a]. Theo tinh d6i ximg,
[a] C [b] va [a] = [b]. [

Mat khéc, mdi phan hoach x4c dinh mot méi quan hé tuong duong trong dé
hai phan ti ¢6 lién quan v6i nhau néu ching nam trong cting mét phan hoach.

Do dé, céc phan vung va cic quan hé tuong duong 1a “giéng nhau”.

DPinh nghia (Anh xa thuong). Anh za thuong q 4nh xa timg phan ti trong A
t6i 16p tuong duong chita a, tic 1a a — [a]. Vi du: ¢(80) = {©}.
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CHUONG 3

PHAN TiCH VE TRI THUC KINH NGHIEM VA TRI
THUC KHOA HOC

Trong chuong nay, ching to6i trinh bay va thio ludn vé van dé tri thtc. Mot
cach cu thé, ching tdi tap trung phéan tich su khéc biét gitta tri thitc kinh nghiém

va tri thic khoa hoc.

3.1. Thé nao 1a tri thirc?

O Dbat ky thoi dai nao, con ngudi luén khao khat cham t6i su hicu biét va
vuon dén cai tdn cung ctia van vat. Cudc sdng con ngudi 1a hitu han, tit thoi
gian dén kha néng ctia ban than. Thé nhung trong su khé khan va gigi han do,
van ton tai "v6 han”, d6 chinh 1a su khat khao v6 cung khéng ngoi nghi dé tim
kiém chan ly, tim kiém con dudng cham dén cdn nguyén clia ban than minh.
Van dé tri thtic 1a mot trong nhiing van dé dau tién ma con ngudi dat ra trén
con duong dé. Trong gi6i han ciia tiéu ludn nay, ching t6i trinh bay van dé nay
xoay quanh ba tu tudng tmg véi ba nha triét gia noi tiéng trong thoi ky dau Hy
Lap c6 dai.

Trude hét, ¢6 16 phai nhic dén Socrates. Ong la nha triét gia dau tién thao
ludn dén nhitng vin dé ban chit con ngudi. Ong cho rang dé dat dugc ban chét
cao nhat ctia con ngudi thi ho phai huéng téi su hién dich thuc ma dao dic 1
con dudng quan trong nhat. Ong dong hoéa hai khai niém 16n 13 tri thitc va nhan
ditc. M6t cau néi noi tiéng ciia éng chinh 1a "téi chi biét mot diéu 1a t6i khong
biét gi hét”da goi 1én nhitng suy ngam vé van deé tri thitc va ban chat thuc tai
clia thé gidi. Diéu nay c6 thé thiy duge "nhan dtc”trong con ngudi 6ng, mot su

khiém nhudng dbi véi kho tan tri thttc ctia nhan loai.
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T nhitng van dé ctia Socrates, hoc tro ctia éng, Plato da dua tu tudng cta
ngudi thay minh 1én moét tdm cao méi. Ong cing khéng dinh ring tri thic 13
nhan dttc, va hon nita dng ciing dua ra phuong phap c6 thé dan con ngudi dat
duoce dén chéan 1y, hiéu biét dich thuc va con dudng diy ciing dua con ngudi dén
hanh phiic that su. Theo 6ng, con ngudi can ducc khai sang, dude dan 16i va di
t61 su hiéu biét vé thuc tai cudc sdng dé thoat khoéi nhitng u mé cia ngu dot.
Néi cach khéc, con ngudi can hoan cai nhd tri thic, titc 1a khi cai biét dich thuc
X4y ra voi con ngudi tai thoi diém ma ho thau hiéu dude thuc tai va thé ho sé
khong thé lam ngugc lai v6i nhitng hiéu biét ctia ho dugc.

Con do6i véi Aristotle , viéc nhan thttc van dé va tri thitc can 16i giai thich
Iy do hién hitu ctia n6. Theo 6ng, tri thiic dude dé cdp trén bén nguyén nhan:
nguyén nhan chat thé, moé thé, tac dong va nguyén nhan cting dich. VA thong
ong, con ngudi c6 thé dat dude tri thitc nhd qué trinh chiém nghiém. Khi c6
mdt cudc séng chiém nghiém, con ngudi ¢ thé dat duce su nhan thic dich thuc
vé bén nguyén nhan vira néu. Va khi da dat dugce tri thitc dich thuc cia su vat,
con ngudi sé chon lua 161 séng dé dat dude t6i hanh phic.

Nhu vy, thong qua nhitng quan niém vé tri thitc ciia cdc nha triét gia, ta c
thé hiéu tri thitc 1a mot su hiéu biét duoc tich liy thong qua mot qué trinh nao

dé. Va céi dich cudi ciing clia n6 14 huéng dén céi thién, cudc séng hanh phic.
3.2. Thé nao la khoa hoc?

"Science is a set of rules that keep the scientists from lying to each
other.”
Tam dich: Khoa hoc 14 mét tép hop cdc quy tac dé ma gitt cdc nha
khoa hoc khong néi déi 1an nhau.
Kenneth S. Norris, dugc trich dan trong False Prophets (1988) bdi
Alexander Kohn.

Khoa hoc 1a mot hé théng tri thitc clia con ngudi vé cac su vat, hién tuong,
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va cac quy luat hoat dong ctia vat chat, trong tu nhién, xa hoi va tu duy. Theo
Wikipedia, khoa hoc khong chi 1a mét tap hop cac thong tin don 1é ma la mdot
hé théng phitc tap dude t6 chiic va phat trién qua nhiéu giai doan lich stt, phan
anh nhén thiic clia con ngudi ve thé giéi xung quanh.

Qué trinh hinh thanh khoa hoc c¢6 thé duge biéu dién thanh céc budc nhu

sau:
« Quan Sit: Bit dau tit viée quan sat cdc hién tuong tu nhién va xa hoi.
« M6 Ta: Tiép theo 1a md ta chi tiét nhitng gl da dudc quan sét.
« Do Pac: Po dac cac thong sb lién quan dé cé sb liéu cu thé.

« Thuc Nghiém: Thuc hién cic thi nghiém dé kiém tra va xdc minh cac gia

thuyét.

« Phéat Trién Ly Thuyét: Dua trén két qua thuc nghiém, phat trién cac ly

thuyét dé mo ta va giai thich cac hién tuong.

o Tich Liy va T6 Chtic Théng Tin: Qué trinh thu thép, sip xép va to chiic
thong tin dé hinh thanh tri thitc khoa hoc.

T do, con ngudi hinh thanh va dat dugce tri thitc khoa hoc. Tri thitc trong
khoa hoc chinh 1a toan b0 lugng thong tin tich Iy qua cac giai doan quan sat,
thuc nghiém va 1y thuyét héa. Day 1a két qua clia qué trinh tich 1y kién thiic
c6 hé théng, gitip con ngudi hiéu 16 hon vé cdch ma van vat van hanh.

Mot trong nhiing dong luc chinh ctia khoa hoc 1a su t6 mo va hoai nghi. Tuy
nhién, thai do hoai nghi khong phai la ban nang tu nhién ctia con nguci. Moi
ngudi thuodng cé xu hudéng tin vao nhitng gi ho duge nghe. Nhung dé lam khoa
hoc va dat dudc tri thitc khoa hoc, con ngudi can phai c6 thai do hoai nghi,
khong dé dang tin vao nhitng gi chua duge ching minh. Trong nhiéu trusng

hop, nhitng théng tin khong ding su thit ¢é thé duge lap lai nhiéu lan va dan
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dan dugc chap nhan nhu 1a su that. Néu khong cé thai dd hoai nghi va khong tu
minh tim hiéu, con ngudi sé khé ma dat duge tri thite thuc su trong khoa hoc.
Qué trinh nhéan thitc ciia con ngudi duge thuce hién & nhidu trinh d6 va bang

nhiéu phuong thitc khac nhau, tao ra hai hé thong tri thitc chinh:

o Tri Thittc Kinh Nghiém: Puge hinh thanh tit qué trinh tich luy kinh nghiém

thuc tién va truyen lai qua cac thé heé.

o Tri Thitc Khoa Hoc: Pudce phét trién dua trén cidc phuong phap khoa hoc,

mang tinh hé théng va c6 co sé Iy thuyét chit ché.

Néi tom lai, khoa hoc 1a mot hé théng tri thic phiic tap va khéng ngting phét
trién, gitp con ngudi hiéu biét sdu hon vé thé gidi xung quanh. Dé dat dugc tri
thitc khoa hoc, con ngudi can cé su to mo, thai do hoai nghi va phuong phap
khoa hoc. Tri thttc khoa hoc khong chi ding lai & viéc thu thap thong tin ma
con phai t6 chiic, sap xép va 1y thuyét héa dé hiéu r6 hon vé ban chit ciia cic

hién tugng.

3.3. Thé nao la tri thitc kinh nghiém?

Tri thtic kinh nghiém 1a hé théng tri thitc duge tich lily mot cadch ngau nhién
trong qué trinh hoat dong ctia con ngudi. Hé théng nay duge hinh thanh qua
céc hoat dong thuc tién nhu lao dong sdn xuat, chién dau bao vé cudc séng cla
cong dong, thong qua hoat dong tu duy ctia con ngusi va dude truyen lai qua
cac thé hé bang nhiéu con dudng khac nhau.

Con ngudi ¢6 thé hinh dung dugce su vat, biét cdch phan tng trude tu nhién
va biét cach tng xit trong cdc quan hé xa hoi nhd vao tri thtc kinh nghiém. Hé
théng tri thiic nay ngay cang phong phu va dugc tich liy qua cdc nim, cac thé
hé, déng vai trd quan trong trong su phét trién ciia loai ngudi.

Tri thitc kinh nghiém gitp con ngudi nhan thitc dude nhing dic diém bén
ngoai ctia su vat, hién tuong. Day 1a co sé quan trong cho su hinh thanh tri thic

khoa hoc. Tuy nhién, tri thttc kinh nghiém thudng mang tinh roi rac, thiéu co
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s khoa hoc va bi han ché trong viéc giai thich va van dung dé cai tao thé gidi.
Do d6, tri thitc kinh nghiém chi gitp con ngudi phét trién dén mot khuon kho
nhat dinh ma chua thé di sdu vao ban chat cdc su vat va hién tuong. Tri thitc

kinh nghiém c6 vai tro nhu sau:

« Nhan Thitc va Phan Ung: Tri thic kinh nghiém gitp con ngusi hinh
dung va nhéan thiic duge su vat, biét cidch phan tng trudc cic hién tudng
tu nhién va xa hoi.

. Ung Xt Xa Hoi: Hé théng tri thitc nay cung cip cho con ngudi nhing

phuong phap tng xit phit hdp trong cdc mdi quan hé xa hoi.

« Phat Trién Qua Thé Hé: Tri thiic kinh nghiém dudc tich lity va truyen

lai qua cac thé hé, lam phong phi thém kho tang kién thitc ctia nhan loai.

« Cd S6 Hinh Thanh Tri Thitc Khoa Hoc: Tri thiic kinh nghiém 13 nén
tang dé phat trién tri thttc khoa hoc, gitip con ngudi nhan thitc ban dau vé

cac ddc diém bén ngoai clia su vat va hién tuong.
Tuy nhién, tri thitc kinh nghiém van cé nhitng han ché nhat dinh

« Tinh R&i Rac: Tri thiic kinh nghiém thudng khéng ducc hé théng héa

mot cach chat ché, ma mang tinh roi rac va phan tan.

« Thiéu Co S& Khoa Hoc: Do khéng dua trén co sé khoa hoc vimg chéc,
tri thitc kinh nghiém bi han ché trong viéc giai thich cic hién tugng phiic

tap va khong thé di sdu vao ban chat ciia su vat.

« Gidi Han Trong Van Dung: Kha nang van dung tri thitc kinh nghiém
dé cai tao thé gi6i con han ché, chi gitip con ngusi phat trién dén mot mitc
d6 nhat dinh ma khéng thé tiép tuc kham pha va hiéu biét sdu hon vé tu

nhién va xa hoi.
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3.4. Thé nao la tri thitc khoa hoc?

Tri thttc khoa hoc 1a hé théng tri thitc dude tich Iy mot cach c6 hé théng
thong qua hoat dong nghién cttu khoa hoc. Qué trinh nay dude tién hanh theo
mdt muc tiéu xac dinh va st dung cac phuong phap khoa hoc dé thu thap, phan
tich va khai quat hoa thong tin. Khac v6i tri thice kinh nghiém, tri thitc khoa
hoc khong chi ding lai ¢ viéc thu thap nhitng tap hop s6 litu va su kién ngau
nhién, ma con khai quat héa ching thanh co sé Iy thuyét dé hiéu r6 ban chat
clia su vat va hién tuong trong thé gisi khach quan.

Tri thitc khoa hoc duge phat trién qua nhiéu bude cu thé:

« Quan sit va Thu Thap Dt Liéu: Bit dau tit viée quan sat cdc hién

tuong tu nhién va xa hoi, ghi chép lai cdc su kién va sb lieu.

« Thuc Nghiém va Phan Tich: Tiép theo 1a thuc hién cdc thi nghiém dé
kiém tra gia thuyét, stt dung cac phuong phap phan tich dit liéu dé xac dinh

cac moO hinh va xu hudng.

o Khai Quat Héa: T nhiing dit liéu thu thap duge, cac nha khoa hoc phat
trien cac 1y thuyét va mé hinh dé giai thich ban chét ctia cic hién tuong,

khéi quat héa tit nhitng trudng hop cu thé dé tao ra cac nguyén 1y chung.

Tri thitc khoa hoc déng vai tro vo cling quan trong trong ddi song con ngudi

va su phat trién ctia xa hoi:

« Nhan Thitc Thé Gidi: Tri thitc khoa hoc gitip con ngudi hiéu 6 hon vé
thé gi6i xung quanh, ti cdc nguyén 1y co ban cla tu nhién dén cic hién

tugng xa hoi phtc tap.

« Cai Tao Thé Gidi: Tri thitc khoa hoc cung cip nén tang cho viéc phat
trién cac cong nghé mai, cai tién quy trinh san xudt, va giai quyét cdc van

dé thuc tién trong cudc soéng.
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« Thé Hién trong Cac Mén Hoc: Céc moén hoc nhu vat 1y hoc, héa hoc,
sinh hoc, xa hoi hoc, déu dua trén tri thitc khoa hoc dé nghién ctu va giang

day, gitp lan téa tri thitc nay dén cic thé hé sau.

Tri thitc khoa hoc khong chi gitip con ngudi tim hiéu va giai thich cac hién
tuong ma con cho phép kiém nghiém va danh gid tinh ding din cta céc tri thic

kinh nghiém:

« Kiém Nghiém va Panh Gia: Céc 1y thuyét khoa hoc dugc kiém nghiém
qua nhiéu thi nghiém va quan sat, ddm bao tinh chinh x4c va tin cdy. DPieu

nay gitp loai bé nhitng sai lam va ngdé nhéan ti tri thitc kinh nghiém.

« Van Dung Sang Tao: Tri thiic khoa hoc ¢6 thé duge 4p dung médt céch
sang tao vao nhieéu linh vuc khac nhau, tit y hoc, k¥ thuat, dén kinh té va
x4 hoi, md rong kha nang gidi quyét van dé va tao ra nhiing tién bd vudt

bac.

Tri thitc khoa hoc gép phan quan trong vao moi thanh tuu va tién bo trong
lich st phét trién ctia vin minh nhan loai. N6 gitip con ngudi nhan thitc ding

din, day du vé su vat va hién tuong, dong thoi ddm béo su phét trién bén viing:

« Thanh Tyu Khoa Hoc va Céng Nghé: Nhitng phat minh va phat kién
khoa hoc da thay déi hoan toan céch con ngudi séng va lam viée, tir viéc
khéam pha ra dién, phat trién mdy tinh, dén cong nghé sinh hoc va y hoc

hién dai.

« Phat Trién Kinh Té va Xa Hoi: Tri thtc khoa hoc thic day su phat
trien kinh té qua viéc cai tién quy trinh sdn xudt, ndng cao nang suat va
chat luong san pham. Pong thdi, né ciing gép phan giai quyét céc van deé

xa hoi nhu sttc khoe, gido duc, va moi truong.

« Co S3 Cai Tao Thé Gidi: Tri thiic khoa hoc cung cap co s6 1y thuyét va

cong cu thuc tién dé con ngudi c6 thé cai tao thé gidi, tit viée xay dung cc
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cong trinh kién tric, phat trién ha tang giao thong, dén viéc bao vé va khoi

phuc moi truong tu nhién.

Tom lai, tri thiic khoa hoc la mot tai san vo gia cua loai nguoi, khong chi
gitp ching ta hiéu ré hon vé thé giéi ma con cung cap nhitng cong cu can thiét
dé cai thién va phét trién xa hoi. Su phét trién ctia tri thic khoa hoc 1a dong

luc quan trong cho moi tién bo va thanh tuu ctia nhan loai.

3.5. Su khac biét gitra tri thic kinh nghiém va tri thic khoa hoc

Tri thtc kinh nghiém va tri thtc khoa hoc 1a hai hé théng tri thitc ciia con
ngudi, khac nhau vé nguon goc, cach thitc hinh thanh va mic do chinh xac. Tri
thtic kinh nghiém dugc tich liy mot cdch ngau nhién théng qua cic hoat dong
thuc tién, lao dong sdn xuat, va qua qud trinh tu duy ctia con ngudi. N6 phan
anh nhing hiéu biét va ky niang duoc truyen lai qua cac thé hé, gitip con ngudi
hinh dung vé su vat, phdn ng truéc tu nhién va tng xit trong xa hoi. Tri thitc
kinh nghiém thudng mang tinh rdi rac, thiéu co s khoa hoc va bi han ché trong
viéc giai thich céc hién tuong phtc tap, do d6 chi gitp con ngudi phat trién dén
mot mitc do nhat dinh.

Nguoc lai, tri thitc khoa hoc 1a hé théng tri thtc duge tich lily mot cach hé
théng théng qua hoat déng nghién citu khoa hoc, v6i muc tiéu xac dinh va bang
nhitng phuong phéap khoa hoc. Tri thiic khoa hoc tong két nhitng tap hop sb liéu
va su kién ngdu nhién dé khai quat héa thanh céc co s6 1y thuyét vé ban chit
clla st vat va hién tugng trong thé gii khach quan. Pay 1a kho tang tri thiic
quan trong ciia loai ngudi, déng vai tro thiét yéu trong viéc nhan thiic va cai tao
thé gidi. Tri thitic khoa hoc gitip con ngudi hiéu ro ban chat ctia cic hién tuong,
kiém nghiém va dénh gid tinh ding dan ciia tri thitc kinh nghiém, va vin dung
sang tao dé giai quyét cdc van dé trong nhiéu linh vuc khac nhau.

Tém lai, tri thitc kinh nghiém va tri thitc khoa hoc déu déng gép quan trong

vao su phat trién ctia nhan loai, nhung tri thitc khoa hoc vuot troi hon & tinh
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hé théng, co s6 Iy thuyét va kha nang giai thich, cai tao thé giéi mot cach toan

dién va chinh xac hon.
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CHUGNG 4

MUC PICH VA MUC TIEU NGHIEN CcUU

Trong chuong nay, ching téi trinh bay hai van dé co s6 va bat dau trong
nghién ctu khoa hoc: muc dich va muc tiéu nghién ctu. Chung to6i tap trung

phan tich su khat biét gitta hai khai niém nay.
4.1. Thé nao 1a muc tiéu nghién cttu?

Muc tiéu nghién citu (research objective) 13 nhitng noi dung cu thé can dugc
xem xét va lam ro trong khuon khé déi tuong nghién ctu da xéc dinh, nham
tra 10i cAu héi "Nghién cttu cai gi?”. Day 1a cdc muc tiéu cu thé ma nha nghién
cttu dit ra dé dat duoe trong qué trinh nghién ctu, gitp dinh hinh pham vi va
huéng di ctia nghién ctru.

Vai tro ciia muc tiéu nghién citu nhu sau:

e Dinh Huéng Nghién C&u: Muc tiéu nghién cttu giip xac dinh roé rang
cic van de, hién tuong hoac mbi quan hé ma nghién citu sé tip trung vao.
Diéu nay gitup nghién citu khong bi lan man, tdp trung vao nhiing noi dung
can thiét va cé gid tri.

e« Xac Pinh Phuong Phap Nghién C@&u: Dua trén muc tiéu nghién ctu,
nha nghién cttu cé thé lua chon cic phuong phap va céng cu nghién citu
phtt hop dé thu thap va phéan tich dit liéu. Vi du, néu muc tiéu 1a xdc dinh
mdbi quan hé gitta hai bién s6, thi phuong phap nghién cttu dinh lugng cé

thé duge 4p dung.

« Xay Duyng Cau Hé6i Nghién Ciru: Tt muc tiéu nghién cttu, cac cau hoi

nghién ctru dude xay dung dé lam 16 timg khia canh cu thé ctia van dé can
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nghién citu. Cac cAu hoi ndy gitp huéng dan qué trinh thu thap di liéu va

phan tich, ddm bao rang moi khia canh ctia muc tiéu déu duge xem xét.
Qua trinh xay dung muc tiéu nghién citu nhu sau:

« Xéc Pinh Vin Dé Nghién Cttu: Trudce tién, nha nghién cttu phai xac
dinh dugc van dé hoac hién tudng can nghién cttu. Diéu nay cé thé xudt
phat tit mot khoang tréng trong kién thtc hién tai hoac tit mot nhu cau

thuc tién can dugc gidi quyét.

« Thiét Lap Muc Tiéu Tong Quat: Muc tiéu téng quat thudng la mot
tuyén bd rong, phan anh muc dich chinh ctia nghién cttu. N6 thuong lién

quan dén viéc kham phé, md ta hodc giai thich mot hién tuong cu thé.

« Thiét Lap Muc Tiéu Cu Thé: Muc tiéu cu thé la nhing tuyén bd chi
tiét hon, xdc dinh cac khia canh cu thé ctia van dé can duoc xem xét. Cac

muc tiéu cu thé nay thuong lién quan truc tiép dén céc cau héi nghién ctu.

Xem xét vi du nhu sau: Néu nghién citu tdp trung vao viéc "Panh gid dnh
huéng ctia viéc hoc truc tuyén dén két qua hoc tap ctia sinh vién dai hoc”, muc

tiéu nghién ctiu c6 thé duoe thiét lap nhu sau:

« Muc Tiéu Téng Quat: Danh gid téng thé anh hudng cta viée hoc truc

tuyen den ket qua hoc tap cia sinh vién.

« Muc Tiéu Cu Thé: So sanh két qua hoc tap giita sinh vién hoc truc tuyén
va sinh vién hoc truyén théng; Xéac dinh cic yéu t6 anh huéng dén hiéu qua
hoc tép truc tuyén cla sinh vién; Kho st miic do hai long ctia sinh vién

déi véi hinh thitc hoc truc tuyén.

N6i tém lai, muc tiéu nghién cttu 1a mdt phan quan trong trong qué trinh
nghién citu khoa hoc, gitip dinh huéng va tap trung vao cic noi dung can thiét.
Viéc xdc dinh muc tiéu 16 rang va chi tiét khong chi gitip nghién cttu dat dude
két qua chinh xdc ma con gép phan vao viéc phéat trién kién thttc méi va tng
dung vao thuec tién.
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4.2. Thé nao 1a muc dich nghién cttu?

Muc dich nghién cttu (research purpose) 14 ¥ nghia thuc tién ctia nghién ctu,
trd 161 cho cAu héi "Nghién cttu nham vao viée gi?”hoiic ”"Nghién ctru dé phuc
vu cho cai gi?”. Pay 1a yéu t6 quan trong xac dinh 1y do va gia tri cia viéc tién
hanh mot nghién citu cu thé, dong thoi dinh hinh huéng di va muc tiéu cudi
cung cua nghién ctu.

Muc dich nghién cttu can phai dam bao cac y sau:

« Y Nghia Thuyc Tién: Muc dich nghién cttu nhdn manh tdm quan trong
va tmg dung thuc té ctia nghién ctu trong doi song, khoa hoc hodc cong
nghé. N6 gitip xdc dinh r6 rang Iy do vi sao nghién citu nay can dudc thuc

hién va nhimg lgi ich cu thé ma né mang lai.

e« Pinh Huéng va Phuc Vu: Muc dich nghién cttu gitip dinh huéng cho
toan bd qua trinh nghién citu, tit viéc xéc dinh van dé, xay dung muc tiéu
va cau hoi nghién cttu, dén lva chon phuong phap va phan tich két qua. N6
tra 16i cho cau héi nghién ctru nham phuc vu cho diéu gi, chdng han nhu
gidi quyét mot van dé xa hoi, cai tién mot quy trinh cong nghé, hay mé

rong kién thitc trong mét linh vuc khoa hoc cu thé.

« Pong Luyc va Ly Do: Muc dich nghién cttu cung cap dong liuc va 1y do cho
cdc nha nghién citu va céc bén lién quan, giip ho hiéu ré tam quan trong
ctia nghién ctu va cam két v6i qué trinh thuc hién. N6 lam rd nhiing loi ich
tiém ndng ma nghién citu ¢6 thé mang lai, khéng chi cho linh vuc nghién

cttu cu thé ma con cho cong dong hoac xa hoi néi chung.

Xem xét vi du: Néu nghién citu tap trung vao ”Tim hiéu téc dong ctia 6 nhiém
khong khi dén sttc khoe cong dong tai thanh phé X”, muc dich nghién cttu cé

thé duge trinh bay nhu sau:
« Giai Quyét Van Pé Thuc Tién: Nghién cttu nham xic dinh mtc d6 va
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loai 6 nhiém khéng khi dang anh hudng dén stic khoe clia ngusi dan thanh

phé X, tit d6 dua ra céc giai phap giam thiéu tdc dong tiéu cuc.

« Cung Cip Théng Tin Cho Chinh Sach: Két qua nghién ctu sé cung
cap dit litu quan trong dé ho tro cic co quan chiic ning trong viéc xay dung

va trién khai cidc chinh sach bao vé moi truong va sttc khoe cong dong.

« Nang Cao Nhan Thitc Céng Ddng: Muc dich nghién ctru con nham
nang cao nhéan thitc clia ngudi dan vé van dé 6 nhiém khong khi va khuyén

khich ho tham gia vao cac hoat dong bao vé moi trudng.

Néi tém lai, muc dich nghién citu 1& mdt thanh phan ¢t 16i trong qué trinh
nghién citu, xdc dinh ro6 ¥ nghia thuc tién va gid tri ctia nghién cttu. N6 khong
chi dinh huéng va dinh hinh toan bd qué trinh nghién cttu ma con cung cap Iy
do va dong luc cho cac nha nghién cttu va cac bén lién quan. Viéc xac dinh muc
dich nghién ctu 16 rang va chi tiét ddm béo rang nghién ctru khong chi mang

lai kién thitc méi ma con cé thé tng dung va mang lai 10i ich cu thé cho xa hoi.

4.3. Su khac biét gitta muc dich va muc tiéu nghién ctru

Mac du muc dich va muc tiéu nghién cttu déu la nhitng thanh phan quan
trong trong qué trinh nghién cttu, nhung ching khic nhau vé ban chat va vai
tro. Muc dich nghién cttu (research purpose) 1a y nghia thuyc tién ctia nghién citu,
trd 161 cho cAu hoi "Nghién cttu nham vao viée gi?”hodc "Nghién ctu dé phuc vu
cho cai gi?”. N6 dinh 16 1y do va gid tri thuc té ctia viéc thuc hién nghién citu,
nhan manh tam quan trong va @ng dung cta nghién cttu trong doi sbng hoac
khoa hoc. Muc dich nghién citu cung cap dong luc va 1y do cho cédc nha nghién
ctu va cdc bén lién quan, giip ho hiéu ré tam quan trong ctia nghién ctu va
cam két v6i qué trinh thuc hién.

Ngudc lai, muc tiéu nghién citu (research objective) la nhitng noéi dung cu thé
can dugc xem xét va lam 16 trong khudn khé d6i tuong nghién ctu da xéc dinh,

nham tra 16i cdu hoi "Nghién cttu cai gi?”. Muc tiéu nghién cttu xac dinh ro rang
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céc van de, hién tuogng hoac mdi quan hé ma nghién cttu huéng dén, déng vai
tro lam kim chi nam cho toan b6 qua trinh nghién cttu. N6 gitp xac dinh pham
vi, huéng di va phuong phap nghién ctru, ttr d6 xay dung cac cau hoi nghién citu
cu thé dé diéu tra va phan tich.

Tém lai, muc dich nghién cttu nhan manh vao 1y do va ¥ nghia thuc tién cta
nghién ctru, con muc tiéu nghién ctu tap trung vao cac ndi dung cu thé va chi
tiét can ducc nghién cttu dé dat duge muc dich d6. Muc dich nghién ctru dinh
huéng tong thé va gid tri clia nghién cttu, trong khi muc tiéu nghién ctu xéc

dinh cdc bude va phuong phap cu thé dé thuc hién nghién citu.
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CHUONG 5

PHAM CHAT TRONG NGHIEN CUU KHOA HOC

Trong chuong nay, ching t6i nghién citu vé van dé cdc pham chat trong nghién
cttu khoa hoc. Ching t6i dua trén nhan dinh ctia GS. Ngé Bao Chau — cuu hoc
sinh ctia Khéi THPT chuyén Toan, Truong PHKHTN, PHQGHN vé van dé
nay. Mot cong trinh khoa hoc can c6 1a 3 pham chat theo tht tu: Piing va trung

thuc, méi va hay. Nhung quan trong nhat 1a ding va trung thue.

5.1. Ping trong nghién cttu khoa hoc

Trong nghién cttu khoa hoc, tinh ding dén 14 v6 cling quan trong. Ding din
khong chi don thuan 1 viéc 4p dung céc phuong phap va quy trinh nghién citu
mot cach chinh xac, ma con lién quan dén su khai thac hiéu qua nhiing cong cu
va kién thtc hién dai nhit c6 san. Cac nha nghién ctu can ddm bao rang moi
hoat dong nghién citu tit thu thap dit liéu, thiét ké thi nghiém, phan tich s6 liéu
dén bao céo két qua déu dude thuc hién véi mitc do chinh xéc va khach quan
cao nhat c6 thé.

Trong qué trinh nghién citu, tinh ding din yéu cau su ti mi va can trong.
Phai ddm bao rang moi dit liéu thu thap 1a chinh xéc va khong bi sai sot, céc
phuong phap thi nghiém ducc thiét ké va thuc hién ding theo ding qui trinh
khoa hoc. Diéu nay dam béo rang két qua nghién ctu dua ra 1a ¢6 tinh xdc thuc

va c6 thé tai san xudt dugc bdi cdc nha nghién ctru khéc.

5.2. Trung thuc trong nghién cttu khoa hoc

Trung thuc 13 mot yéu té can ban va khong thé thiéu trong nghién citu khoa

hoc. N6 doi héi cédc nha nghién cttu phai ¢6 su thang thin va minh bach trong
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tat ca cac khau ctia qué trinh nghién ctu, tit thu thap dit liéu, xit 1y s6 liéu, dén
béo cdo két qua. Trung thuc bdo ddm rang moi thong tin duge dua ra 1a chan
thue va khong bi bép méo hoac lam sai 1éch.

Nghién cttu khoa hoc trung thuc doi héi su trung thuc v6i chinh minh va véi
cong dong khoa hoc. Céc téc gia can phai bdo cdo moi phuong phip va quy
trinh nghién cttu mot cach minh bach va chinh xéc, dong thdi phai cong bd ca
nhitng két qua khong nhu mong dgi. Piéu nay gitip canh bdo va ngan ngia su
phét sinh ctia bias (thién léch) trong nghién ctru, giip bédo vé uy tin c4 nhan va

uy tin clia to chitc nghién citu.

5.3. M6i va hay trong nghién cttu khoa hoc

M6i va hay 13 nhitng tiéu chi quan trong dé danh gid gid tri va anh hudng
clia mot cong trinh nghién cttu trong cong dong khoa hoc. Méi dé cap dén tinh
sang tao va doi méi clia cac ¥ tudng nghién ciiu, tic 1a kha nang dua ra cic gidi
phap hodc phuong phap méi cho céc van dé nghién citu hién tai. Cac nghién citu
mdéi thudng mang lai nhitng thong tin, dit lieu hodc tham chi céc Iy thuyét méi
ma trude dé chua tung dude kham pha hoac ap dung, déong gép mot cach tich
cuc vao sut phat trién va tién bo ctia linh vue dé.

Mot nghién cttu hay khong chi don gian la méi ma con phai dat duge su goi
md, thi vi va c¢b gid tri sdu sic trong linh vuc nghién ctu tuong tng. Nhiing
nghién citu hay thuong duge danh gid dua trén kha nang gidi quyét cac van de
phtic tap, cung cap cac giai phap hiéu qua, va gép phan vao su phat trién va
tién bo ciia linh viue dé. Su két hop gifta sy méi mé va sy hap dan lam nén su
thanh cong clia cdc nghién ctu khoa hoc ddng chi ¥, va cling 1 tiéu chi dé cac
nha nghién ctu va cong dong khoa hoc dénh gid va cong nhan mdt cong trinh

nghién cttu.

29



CHUONG 6

LUA CHON PE TAI NGHIEN CUU KHOA HQC

Trong chuong nay, ching t6i thao ludn vé van deé lua chon dé tai nghién citu
khoa hoc. Pay 1a budce dau tién va cling budc quan trong dé bat dau thuc hién

mot dé tai nghién ctu khoa hoc.

6.1. Xac dinh dé tai, nhiém vu va déi tugng nghién ciru

Bu6c nay 1a bat dau cia qua trinh nghién cttu, noi ma nha nghién citu xéc
dinh 16 rang dé tai cu thé ma ho sé nghién ctu. Viéc lua chon dé tai phai phit
hop véi sé thich nghién citu ctia nha nghién ctu, ddp tng nhu cau hién tai cta
cong dong khoa hoc va c6 kha nang déng gép vao linh vue nghién citu dang phét
trién.

Xem xét vi du: Mot nhém nghién cttu quyét dinh thuc hién nghién citu ve
"Tac dong ctia viéc st dung cong nghé Al trong gido duc co s6 va anh huéng
dén su hoc tap ctia hoc sinh trung hoc.”Dé tai da dugc xac dinh 16 rang 1a téc
dong cua cong nghé Al trong gido duc co s6. Nhiém vu ctia nghién cttu la do dac
va phan tich tdc dong ctia cong nghé Al dbi véi su hoc tap ctia hoc sinh trung
hoc. Péi tuong nghién citu 1a hoc sinh trung hoc, va cu thé hon, nhém nghién
cttu ¢6 thé quyét dinh nghién ctu trén mot nhém hoc sinh ¢ mét s6 trudng hoc

cu thé.

6.2. Xac dinh muc tiéu nghién cttu

Sau khi xdc dinh dé tai, muc tiéu nghién ctru duge xéc dinh dé chi ra nhimg
gl ma nghién ctu sé ¢b ging dat dude. Muc tiéu niy can phai 16 rang, cu thé va

c6 thé do luong duge dé huéng dan cho qué trinh nghién ctu.
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Xem xét vi du: Muc tiéu ctia nghién ctu 1a danh gia cu thé cdc anh hudng
clia viéc 4p dung cong nghé Al trong gido duc, bao gom ca mit tich cuc va tiéu

cuc, dén hiéu qua hoc tap ctia hoc sinh trung hoc.

6.3. Xac dinh muc dich nghién citu

Muc dich nghién cttu phan anh ¥ nghia va gia tri thuc té ctia nghién cttu déi
v6i cong dong khoa hoc va xa hoi. N6 gitp dinh huéng va lam 16 1y do tai sao
nghién cttu nay can phai dugce thuc hién va nhitng lgi ich ma né mang lai.

Xem xét vi du: Muc dich ctia nghién citu 1a cung cap cac dit liéu va hiéu biét
méi ve tac dong clia cong nghé Al trong gido duc co s, tit d6 dua ra cac dé xuat
cai tién va chinh sach hd trg dé t6i uu héa su 4p dung cong nghé nay trong hoc

tap.

6.4. Pua ra cac cau hoéi nghién citu

Céc cau hoi nghién ctu duge xay dung dua trén muc tiéu nghién ctru dé chi
ra nhiing khia canh cu thé ma nghién citu sé dieu tra va giai quyét. Cac cau hoi
nay giup huéng dan cho viéc thu thap dit liéu va phan tich két qua.

Vi du, ta c¢6 thé xay dung céc cau héi nghién citu cé thé bao gdom:

« Cau héi 1: Cong nghé Al lam thay ddi thé nao trong phuong phép giang

day va hoc tap so véi cac phuong phap truyen théng?

« Cau hoi 2: Tac dong ctia cong nghé Al dbi v6i két qua hoc tap va nang luc

sang tao ctia hoc sinh nhu thé nao?

« Cau hoi 3: Céc yéu t6 nao anh huéng dén su thanh cong ctia viée tich hop

cong nghé Al trong gido duc co sG?

Céc cau héi nghién cttu phai phan 4nh st to mo va nhu cau gidi quyét van de
trong linh vuc nghién ctru. Ching huéng dan cho viéc thu thap di liéu va phan

tich dé gidi quyét muc tiéu da dat ra.
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6.5. it ra cic gia thuyét ban dau

Gia thuyét ban dau 1a céc gid dinh dua trén kién thitc hién cé va nhitng quan
s&t so b0, ma nghién citu sé kiém tra va xdc minh tinh ding din thong qua qué
trinh nghién ctitu.

Vi nhu d6i vé dé tai trén, ta c¢6 thé xdy dung céc gid thuyét ban dau:

o (ia thuyét 1: Cong nghé Al sé cai thién hiéu qud gidng day va hoc tap so

v6i cac phuong phép truyen thong.

« Gia thuyét 2: Hoc sinh st dung cong nghé Al c6 kha nang phét trién ning

luc sdng tao cao hon.

« Gia thuyét 3: Dicu kién ha tang va su chuan bi ciia gido vién anh hudéng

dén hiéu qua ctia cong nghé Al trong gidng day.

6.6. Xac dinh d6i tugng khao sat va pham vi nghién cittu

D6i tuong khao st va pham vi nghién citu xéc dinh cdc don vi nghién citu
va khuén kho ctia nghién citu. Viéc chon ding d6i tuong va pham vi nghién citu
quyét dinh dén tinh dai dién va 4p dung ctia két qua nghién ctru.

Vi du: Déi tuong khao sat 1a cac hoc sinh trung hoc tit mot sé trudng cong
va tu 6 thanh phé A. Pham vi nghién citu bao gom viéc phan tich tac dong ctia
cong nghé Al trong gido duc co s6 trong vong 2 nam.

Xéc dinh 6 déi tuong va pham vi nghién citu giup ddm bao tinh dai dién
va 4p dung clia két qua nghién cttu, dong thdi han ché riai ro va tdi uu hoéa tai

nguyén nghién citu.

6.7. Vai tro ctia lya chon dé tai trong nghién ctitu khoa hoc

Qua trinh Iya chon dé tai trong nghién citu khoa hoc khéng chi don thuan 13

mot quyét dinh don gian ma 1a mot chudi cdc bude chi tiét va logic. Viéc thuc
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hién mdi budc moét cach can than va hop 1y sé dam bao rang nghién ctru ¢6 mot
nén tang vimg chic va c6 kha ning dem lai nhitng két qué cé gia tri. Dic biét,
viéc x4dc dinh muc dich, muc tiéu, va cic cau hoi nghién ctu can phai ro rang
va cu thé dé gitp dinh huéng va huéng dan cho toan bd qué trinh nghién ciiu.
Nhiing quyét dinh nay ciing déng vai trd quan trong trong viéc phét trién kién

thitc va ing dung clia nghién cttu vao thuc tién.
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CHUONG 7

VAI TRO CUA TAP CHI MATHEMATICAL
REVIEWS

Trong chuong nay, ching t6i phan tich vai tro cua tap chi Mathematical

reviews doi véi cac nha toan hoc.

7.1. Tim hiéu vé tap chi Mathematical reviews

Mathematical Reviews (MR) 1a mét tap chi chuyén nganh toan hoc duge bién
tap va xuat ban bdi American Mathematical Society (AMS). Dudc thanh 14p
vao nam 1940, MR da tré thanh mot nguon tai liéu quan trong trong cdng dong
toan hoc quéc té. Tap chi nay chi yéu tap trung vao viéc danh gid va cung cap
céc bai bdo todn hoc da xuat ban, ciing nhu céc cong trinh nghién ctru méi trong
cac linh vue da dang ctua toan hoc.

Mathematical Reviews khong chi don thuan 1a mot tap chi xudt ban céc bai
b4o, ma con 14 mot co sé dit litu toan hoc 16n, cung cap thong tin chi tiét va
danh gia chuyén sau ve cac bai bdo dude cong bd trong hau hét cac tap chi todn
hoc hang dau trén thé giéi. Nhd vao su cong tdc ddnh gid chit ché va khich
quan, MR gitp céng dong toan hoc c¢é cai nhin tong quat vé céc xu huéng nghién
cttu, nhitng tién bo méi, cting nhu nhitng van dé cu thé trong tung linh vuc nhéd

khac nhau cia toan hoc.

7.2. Vai tro ctua tap chi Mathematical reviews

Mathematical Reviews dong vai tro rat quan trong doi v6i cac tac gia trong
nganh Toan. Pau tién, MR cung cap mot cong cu tim kiem toan dién cho cac

nghién citu todn hoc, gitp tdc gid dé dang tim kiém va xem xét cdc cong trinh
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da dugc xuat ban truée day trong linh vuc ctia ho. Thong qua cac danh gid va
trich dan trong MR, téc gia c6 thé hiéu dugc su phan anh ciia céc cong trinh
nghién cttu ctia minh déi véi cong dong toan hoc va danh gia duce dd quan trong
cua ching.

Thit hai, MR gitp tac gia giéi thiéu va pho bién nghién citu ciia minh dén
cong dong toan hoc qubc té. Céc bai bdo dudc trich dan nhiéu trong MR thudng
thu hut su quan tam va su chi y cia cac nha nghién citu khac, tit d6 tang co
hoi dugce trich dan va cong nhan trong linh vuc toan hoc. Diéu nay khong chi
lam tang kha nang lan truyen va anh hudng ciia céc cong trinh nghién citu, ma
con giup xay dung va mé rong mang luéi quan hé va hgp tac nghién cttu toan
hoc trén toan thé gidi.

Toém lai, Mathematical Reviews khong chi la mot c¢ong cu httu ich cho viéc
nghién citu todn hoc ma con 1a mot phan khéng thé thiéu trong viéc thic day

st phéat trién va giao luu nghién citu cia cong dong toan hoc toan cau.
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CHUONG 8

BINH LUAN VE IMPACT FACTOR,

Trong chuong nay, ching to6i binh luan vé impact factor ctia mot tap chi khoa

hoc, vai tro ciia né trong viéc lua chon tap chi khoa hoc.

8.1. Impact factor la gi? Y nghia ctia né?

Impact Factor (IF) hay Journal Impact Factor (JIF) 1a mot chi s6 quan trong
trong linh vuc xuat ban khoa hoc, dude st dung dé do luong su tac dong clia
mot tap chi khoa hoc trong cong dong nghién cttu. IF phan anh s6 lugng trung
binh céc bai bdo khoa hoc dugc trich dan trong mot nam trén tap chi dé. Chi s6
nay dudc coi 1a mot thude do tuong ddi ve dd quan trong clia tap chi so véi céc
tap chi khac trong cting linh vic. Nhitng tap chi c6 IF cao thuong dude xem la
c6 anh hudng 16n hon va cé siic hiit manh mé doi v6i cdc nha nghién cttu, nha
khoa hoc va céc doc gid quan tam dén linh vuc tuong tng.

IF dugc st dung nhu mot proxy théng ké hoc dé dai dién cho chat luong va
stic anh hudéng ctia mot tap chi khoa hoc. Ngudi ta thuong tin rang viéc xudt
ban bai bdo trong cac tap chi ¢6 IF cao sé gitip tang kha nang dudc trich dan va
cong nhan trong cdng dong nghién ctu, tir d6 thic day su nghién citu va phat
trién khoa hoc. Tuy nhién, viéc 4p dung IF ciing can phai can nhic ky ludng,

bdi IF khong phéi 1& mot phép do hoan hdo va c6 nhitng han ché riéng.

8.2. Impact factor thip thi c6 dang lo ngai?

Viée mot tap chi c6 Impact Factor (IF) thap khong nhat thiét 14 mot 1y do
dé lo ngai dbi v6i tat ca cac truong hop. IF thap c¢é thé phan danh nhiéu yéu to,

bao gom lich sit xuit ban ctia tap chi, linh vuc chuyén mon, va mitc dd pho bién
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clia cac nghién ctu trong d6. C6 mot s6 1y do ma mot tap chi c6 IF thap van
c6 thé déng gép quan trong dén cong dong nghién citu:

Tht nhat, mot sd tap chi chuyén biét trong cac linh vuc nhé hep hoic méi
noi ¢6 thé c¢6 IF thap do sb luong bai bdo ducc xuit ban it va qud trinh trich
dan dién ra chdm. Tuy nhién, nhitng tap chi nay thudng cung cip nén ting
quan trong cho cic dé tai méi, cic phuong phap nghién citu méi va cac linh vuc
nghién citu tiém nang.

Thit hai, IF khong phan 4nh chat lugng tat cd cac bai bdo trong tap chi ma
chi 13 mot sb litu trung binh. Do dé, mot s6 bai bao c6 thé khong duge trich
dan nhiéu nhung van mang lai nhitng déng gép quan trong trong viéc giai quyét
cac van dé nghién cttu cu thé.

Cudi ciing, IF thap cé thé thay doi theo thoi gian va khéng phai lic nao cling
phan anh chinh x4c su phét trién va tiém ning ciia mot tap chi. Viée danh gia
mot tap chi nén xem xét nhiéu yéu t6 khac nhau bao gom chat luong céc bai
b4o, su chuyén nghiép ciia quy trinh bién tip va su ho trg dbi véi tac gid.

Do d6, khi déanh gid vé mtc do quan trong ctia mot tap chi khoa hoc, can
phéi xem xét khong chi IF ma con nhiéu yéu té khic dé ddm bao su cong bang

va day du trong viéc danh gia cac cong trinh nghién citu.
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CHUONG 9

THONG TIN HOC VIEN

Cau hoi. Hay cho biét ma s6 chuyén nganh ma anh, chi dang theo hoc.

Tra 18i. M4 s6 chuyén nganh Todn tng dung: 8460112
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CHUONG 10

THIET KE LUAN VAN THAC ST TOAN HQC

Dua theo nhitng van ban huéng dan cia truong Dai hoc Khoa hoc Tu nhién,
trong chuong nay chiing t6i trinh bay mau mot luin van thac si todn hoc.

M6t ludn van thac si todn hoc bao gom cac thanh phan nhu sau:
e L0i cam doan

o Loi cam on

o Trang thong tin ludn van (Bang tiéng Viét)
o Trang thong tin luan van (Bang tiéng Anh)
« Danh muc céc ky hiéu, chit viét tat

o Danh muc cac bang

« Danh muc céc hinh vé&, do thi

o Loi néi dau

o Chuong 1: Gidi thiéu

« Chuong 2: Kién thitc chuan bi

o Chuong 3, 4: N6i dung chinh cta luan van
« Chuong 5: Két ludn

Duéi day 1a mot ludn van mau dudi dé tai: Nghién ciu vé chdn sai s6 todn

cuc cho hé bat phuong 10
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LOI CAM DPOAN

To6i cam doan ludn van thac si nganh Todn ting dung, v6i dé tai Nghién ciu
ve chdn sai s6 toan cuc cho hé bat phuong trinh 16i 1a cong trinh khoa hoc do

T6i thuc hién dudi su huéng dan cia GS. TS. Nguyén Van B.

Nhiing két qua nghién ctu ctia ludn van hoan toan trung thuc va chinh xéc.

Hoc vién cao hoc

(Ky tén, ghi ho tén)

Lé Nhut Nam



L.OI CAM OGN

Ldi dau tién, t6i xin phép gt 16i cAm on chan thanh dén Thay huéng dan cta
toi - GS. TS. Nguyén Vian B - gidng vién khoa Toén - Tin hoc bo moén Téi vu va
Hé théng, truong Pai hoc Khoa hoc Tu nhién, Pai hoc Qubc gia TP. HCM da
true tiép huéng dan va gitip do tdn tinh trong sudt qué trinh nghién ctu thuc
hién ludn van nay. Nho vao nhitng dinh hudéng, va gép ¥ quy gid cla thay, toi
da hoan thanh tron ven dé tai ludn van thac si khoa hoc ctia minh.

Tiép theo, t6i xin gt 16i cdm on dén quy Thay, C6 trong khoa Toan - Tin
hoc, trudng Pai hoc Khoa hoc Tu nhién, Dai hoc Quéc gia TP. HCM da nhiét
tinh gidng day da truyén dat cho toéi nhimg kién thtic sdu sac vé mat chuyén
moén 1y thuyét va tng dung thuc tién trong sudt qué trinh hoc tdp & truong.
Nhitng di¢u nay da gép phan quan trong trong viéc hoan thanh luén vin thac
st khoa hoc cta t6i.

Bén canh dé, t6i xin gii 16i cAm on dén cac ban beé dong nghiép da dong vién,
déng gép ¥ kién trong sudt qua trinh nghién cttu clia t6i. VA trén hét, toi xin
cam on gia dinh t6i da tao moi diéu kién dé gitp to6i tip trung hoan thanh ludn

van nay.

Lé Nhut Nam
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TRANG THONG TIN LUAN VAN

Tén dé tai lun van: Nghién cttu vé chin sai s6 toan cuc cho hé bat phuong
trinh 16i

Nganh: Todn Ung Dung

Ma s6 nganh: 84 60 112

Ho tén hoc vién cao hoc: Lé Nhut Nam

Khéa dao tao: 33/2023

Nguoi huéng dan khoa hoc: GS. TS. Nguyén Van B

Co s6 dao tao: Truong Pai hoc Khoa hoc Tu nhién, PHQG.HCM

1. TOM TAT NOI DUNG LUAN VAN

Luan van nay nghién citu su ton tai va dac trung clia céc gii han 16i toan cuc
cho céc ham 15i trong khong gian Euclid, cung cap céc dieu kién can va da ma
khong can ap dit cic yéu cau bo sung lén cadc ham hodc tdp nghiém cta ching.
Bing cach tap trung vao khong gian Euclid, ching toi dua ra céc diéu kién dé
kiém tra, nang cao tinh tmg dung thuc té.

Hon nita, ching t6i kham phé céc tinh chat ctia dao ham dudi ctia ham cuc
dai duoc hinh thanh tit mot tdp hop tuy v clia cdc ham 15i lién tuc. Cu thé,
chting t6i chting minh rang, dudi mot gia dinh thich hop, dao ham dudi ciia ham
cuc dai nay tuong tng véi bao 16i clia cac dao ham dudi ctia cdc ham thanh
phan tai cdc chi sé dang hoat dong. Két qua nay md rong hiéu biét cia ching
ta ve mdi quan hé gifta cdc dao ham dudi clia cdc ham thanh phan va ham cuc
dai ctia chiing, cung cAp mdt géc nhin mdéi vé phéan tich 16i.

Céc ting dung ctia nhitng phét hién 1y thuyét nay dic biét c6 lién quan dén

viéc nghién citu céc gii han 16i toan cuc trong céc hé théng dudce dac trung béi
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cdc bat ding thitc tuyén tinh va 16i vo han. Két quéi ciia ching ti khong chi
tong quat héa cc Iy thuyét hién c6 ma con cung cap céc tiéu chi thuc té dé 4p
dung hon.

Xuyén sudt luadn van, nhieu vi du dude dua ra dé minh hoa nhitng wu diém
clia cac dicu kién dé xuat so véi cac dieu kién hién cé, chitng minh hiéu qua va
tinh hitu dung cai thién ctia phuong phép tiép cén ciia ching tbi trong nhicu
ngtt canh khac nhau. Céc vi du nay nhan manh tam quan trong thuc tién cta
nhitng déng gép 1y thuyét clia ching t6i, lam noéi bat tiem ning anh hudng dén

viéc giai quyet cac van de toi wu héa phic tap lién quan den cac ham 16i.

2. NHUNG KET QUA MOI CUA LUAN VAN

Luin vin nay phét trién 1y thuyét vé dao ham dudi va dao ham dudi riéng
biét ma khong can cdc gid dinh vé tinh déng hodc tinh nita lién tuc dudi cta
cac tap hop va ham s6. Diéu nay danh ddu mot bude tién quan trong so véi céc
nghién ctu trude diy, noi ma cac gia dinh nay thuong dugc xem 1a can thiét.
Bing céch loai bd céc yéu cau khit khe nay, ludn vdn md ra nhimg céch tiép
can linh hoat hon cho viéc phan tich va tng dung céc ham 16i. Két qua 1a, 1y
thuyét phat trién trong ludn van khong chi dé kiém tra va 4p dung hon ma con
mé rong pham vi clia cdc bai toan t6i wu héa cé thé giai quyét, dic biét trong

bdi canh cdc hé thdng bat ding thicc tuyén tinh va 16i vo han.

3. CAC UNG DUNG/ KHA NANG UNG DUNG TRONG THUC
TIEN HAY NHUNG VAN PE CON BO NGO CAN TIEP TUC
NGHIEN cUU

Céac tng dung ctia luan van nay dac biét c¢6 anh hudng trong viéc nghién
citu cic bai todn t6i wu hda trong khong gian Banach, tdp trung vao tinh chat
Pshenichnyi-Levin-Valadier (PLV). Bang céch thiét 1ap cac diéu kién can va d
cho tinh chat PLV ma khong can céc gid dinh vé tinh déng va tinh nita lién tuc

dudi, luan vin cung cAp mot khung 1y thuyét vimg chic dé phan tich va gidi

vi



quyét cac bai toan t6i uu hoéa phitc tap trong cic khong gian nay. Dieu nay gép
phan vao viéc hiéu sadu hon vé cdc tinh chat ciu tric ctia cidc ham 16i va bat
déng thic trong khéng gian Banach, ning cao khi ning gidi quyét nhidu bai
todn thuc té hon. Cac phat hién nay cé ¥ nghia quan trong déi véi cac linh vic
doi hoi ky thuat t6i wu héa phitc tap, ching han nhu kinh t&, ky thudt va todn
hoc tmg dung, ndi tinh chat PLV déng vai trd quan trong trong viéc mo hinh

héa va gidi quyét cdc van deé thuc tién.

TAP THE CAN BO HUGNG DAN HOQC VIEN CAO HQC
(Ky tén, ho tén) (Ky tén, ho tén)

XAC NHAN CUA CO SO BPAO TAO

HIEU TRUGCGNG
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1. SUMMARY

This thesis investigates the existence and characterization of global error
bounds for convex functions in Euclidean spaces, providing necessary and suf-
ficient conditions without imposing additional requirements on the functions or
their solution sets. By focusing on Euclidean spaces, we derive conditions that
are straightforward to verify, enhancing practical applicability.

Furthermore, we explore the subdifferential properties of the supremum func-
tion formed by an arbitrary family of convex continuous functions. Specifically,
we demonstrate that, under a suitable assumption, the subdifferential of this
supremum function corresponds to the convex hull of the subdifferentials of the
individual functions at active indices. This result extends our understanding of
the relationship between the subdifferentials of component functions and their

supremum, offering a new perspective on convex analysis.

The applications of these theoretical findings are particularly relevant for
the study of global error bounds in systems characterized by infinite linear and

convex inequalities. Our results not only generalize existing theories but also
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provide practical criteria that are simpler to apply.

Throughout the thesis, several examples illustrate the advantages of the pro-
posed conditions over existing ones, demonstrating the improved efficacy and
utility of our approach in various contexts. The examples underscore the prac-
tical significance of our theoretical contributions, highlighting their potential

impact on solving complex optimization problems involving convex functions.

2. NOVELTY OF THESIS

This thesis introduces a novel approach by developing the theory of sub-
differential and singular subdifferential without requiring any assumptions of
closedness and lower semicontinuity on the sets and functions. This marks a sig-
nificant advancement compared to previous research, where such assumptions
were typically considered necessary. By eliminating these stringent requirements,
the thesis offers more flexible approaches for the analysis and application of con-
vex functions. As a result, the developed theory is not only easier to verify and
apply but also extends the range of optimization problems that can be addressed,

particularly in the context of systems with infinite linear and convex inequalities.

APPLICATIONS/ APPLICABILITY/ PERSPECTIVE

The applications of this thesis are particularly impactful in the study of op-
timization problems within Banach spaces, focusing on the Pshenichnyi-Levin-
Valadier (PLV) property. By establishing necessary and sufficient conditions for
the PLV property without the need for assumptions of closedness and lower
semicontinuity, the thesis provides a robust framework for analyzing and solv-
ing complex optimization problems in these spaces. This contributes to a deeper
understanding of the structural properties of convex functions and inequalities in
Banach spaces, enhancing the ability to address a wider range of practical prob-
lems. The findings have significant implications for fields requiring sophisticated

optimization techniques, such as economics, engineering, and applied mathe-

X



matics, where the PLV property plays a critical role in modeling and solving

real-world problems.

SUPERVISOR Master STUDENT
(Ky tén, ho tén) (Ky tén, ho tén)
CERTIFICATION

UNIVERSITY OF SCIENCE

PRESIDENT



DANH MUC CAC KY HIEU, CHU VIET TAT

Convex function Ham 16i
Subdifferential Duéi vi phan
Singular subdifferential Du6i vi phan ky di

Xi



DANH MUC CAC BANG

Xii



DANH MUC CAC HINH VE, PO THI

xiil



»r

LOI NOI bAU

Trong luan van nay, ching t6i nghién citu cac diéu kién can va da cho su ton
tai clia cdc chan sai s6 toan cuc cho mot ham 16i ma khéng can cac diéu kién bo
trg trén khong gian ham hay khong gian nghiém. N6i mot cach cu thé, ching
toi dua ra cac dic trung cho céc chan sai s6 trong khong gian Euclidean théng
qua mdt s6 kiem tra don gian. Ké tiép, chiing t6i chting minh dudi mot gia dinh
phit hop rang duéi vi phan ctia ham chén trén nhé nhit ciia mot ho bat ky céc
ham lién tuc 16i trung véi bao 16i ctia dudi vi phan ciia cdc ham tuong tng véi
chi s6 duong tai céc diém cho trudc. Cudbi cling, chiing t6i nghién cttu sy ton tai
clia cdc chin sai sb toan cuc cho hé vo han cdc bat ding thic tuyén tinh va 16i.

No6i dung ludn van bao gom bén chuong:

Chuong 1: Gidi thiéu Trinh bay ndi dung chuong 1.

Chuong 2: Kién thtc chuin bi Trinh bay céc kién thtc chuan bi dé ti d6

lam tién deé cho toan bd luan van.

Chuong 3: Chiin sai sb toan cuc cho mot hé bt phuong trinh 16i Trinh
bay mot s6 dieu kién can va di cho su ton tai clia chin sai s6 toan cuc cia

mot hé bat phuong trinh 16i.

Chuong 4: Piéu kién can va da cho tinh chat PLV, va ting dung Trinh
bay quy tac dé tinh todn tap hop dudi vi phan ciia chin trén nhé nhit ting
diém ctia ham 16i lién tuc duge dinh nghia trén khong gian Banach. Tit do,
ap dung dé kham phd su ton tai ctia chin sai s6 toan cuc cho hé v han bat

phuong trinh 16i va tuyén tinh.



CHUGONG 1

GIOI THIEU

Két qua tién phong ctia Hoffman vé chin sai sb cho cdc hé bat ding thic
affine trong khéng gian hitu han chiéu da déng mot vai trdo quan trong trong
céc bai todn quy hoach toan hoc. Nghién citu vé su ton tai ctia cdc chin sai s6
dan dén nhiéu tng dung trong nhiéu linh vic nhu phan tich do nhay, tinh toin
dao ham dudi va su hdi tu clia cdc phuong phép s, v.v. Huéng phat trién chinh
clia cac két qua noi tiéng ctia Hoffman cho dén nay 1a mé rong ching sang céc
hé théng khac nhau trong cac khong gian vo han chiéu. Robinson 14 mot nhan
vat quan trong trong qué trinh nay tit dau. Trong mot cong trinh, 6ng da chi ra
rang cac chan sai sd toan cuc cho mot ham 16i lién tuc ton tai khi tdp nghiém
bi chan va diéu kién Slater dugc théa man. Ioffe da nghién cttu céc chan sai s6
(duéi mot tén khéac) dudi gid dinh rang cdc ham s6 1a Lipschitz cuc bo trén céc
khong gian Banach. Ké tit nhiing cong trinh co ban nay, rat nhiéu déng gép cho
Iy thuyét vé cdc chan sai sb da duge thuc hién béi nhicu tdc gid. Nhin chung,
hau hét céc tieu chi chin sai s6 déu dudc trinh bay cho cdc ham lién tuc, nta
lién tuc dudi hoac cac rang budc trén tap nghiém.

Nhé lai rang mot tap con ctia khong gian Banach dude goi 1a déu 16i néu né
14 giao ctia mot ho tiy ¥, ¢6 thé rdng, cdc nita khong gian md, va mot ham tit
khong gian Banach téi cac s6 thuc mé rong dugce goi 1a déu 16i néu tdp mé rong
clia n6 1a mot tap déu 16i. Déu 16i ban dau dude gisi thiéu trong trudng hop
hitu han chiéu béi Fenchel va tit d6 tré thanh mot khai niém déng chi v trong
phan tich 16i. Pac biét, cdc bai toan toi wu héa déu 16i ¢6 nhiéu tng dung va
da la déi tuong ctia nghién ctru chuyén sau trong vai thap ky qua. Cudn chuyén

khéo gan day "Even Convexity and Optimization”ctia Fajardo va cac cong su 1



mét tai liéu tham khdo xudt sdc cho nhimmg ai quan tAm dén chii dé nay. Nhu
da chi ra trong mot s6 cong trinh gan day, cdc ham 16i nta lién tuc dudi 1a céc
truong hop dic biét cia cdc ham deéu 16, trong khi bat ky ham déu 16i nao ciing
13 ham 15i. Diéu nay c6 nghia la 16p cdc ham 16i rong hon dang ké so véi 16p céc
ham 16i nita lién tuc dusi. Do dé, 1y thuyét vé cdc chin sai s6 cho cdc ham 16i
ma khong gia dinh tinh nia lién tuc dudi 1d mot chit dé dang dé nghién citu.

Mit khéc, khai niém vé didu kién di rang bude cho cde hé bat dang thic 16i
hitu han ciling déng mot vai tro quan trong trong tdi wu héa. Nhiéu mé rong cta
khai niém nay da dugc nghién cttu trong tai liéu bang cach tap trung vao cac hé
v6 han trong khong gian vo han chiéu. Luu ¥ rang nhiéu tiéu chi can va di cho
su ton tai clia cic chén sai sd da dugce trinh bay thong qua céc dieu kién di rang
budc. Vi du, Zheng va Ng da thiét 1dp mot dac trung ciia céc chin sai s6 cuc bd
cho cdc bat déng thitc 16i dusi dang diéu kién di rang budc co ban manh mé;
sau d6 Hu da c6 mot cai tién dang ké; Ngai da chiing minh su tuong duong gitta
chin sai s6 toan cuc kidu Lipschitz cho cdc hé bat ding thic da thic 16i hitu han
va dieu kién du rang budc Abadie; Bot va Csetnek da cung cap mot tiéu chi du
cho su ton tai clia cac chan sai s6 toan cuc dudi dang su bi chén ctia tdp nghiém
va dieu kién du rang budc Slater, v.v. Gan day, Chuong va Jeyakumar da trinh
bay mot sb dic trung thi vi clia cdc chin sai s6 vitng chic cho céc hé bat ding
thitc tuyén tinh dudi su khong chic chin di liéu thong qua cac diéu kién lién
quan dén diéu kién du rang budc co ban. La mot tng dung, ho da suy ra su ton
tai ctia céc chan sai s6 vimmg chac trong cic trudng hop khong chac chan kich
ban thong thuong va khong chéc chin khodng. Ngoai ra, can nhan manh & day
rang cac diéu kién di rang budc cho cac hé vo han ¢6 lién quan chit ché dén cai
goi 1a tinh chat Pshenichnyi-Levin-Valadier (goi tat la PLV).

Pugc truyén cdm hiing tit cdc quan sat trén, ching toi tinh chinh céc két qua
gan day theo hai huéng. Dau tién, ching t6i nhan thiy rang tinh nta lién tuc
dudi ctia mot ham 16i va cac rang budc trén tap nghiém trong 1y thuyét cac chan

sai sb toan cuc c¢6 thé duge bé qua. Thit hai, ching t6i mé réong mot két qua



(tinh chat PLV) da c6 tit cac khong gian hitu han chiéu sang cdc khong gian
Banach tong quét. La cac ting dung, ching toi trinh bay céic dic trung clia céc

chan sai so toan cuc cho cac ho tuy y cia cac ham tuyén tinh va 16i.



CHUGNG 2

KIEN THUC CHUAN BI

Trong chuong nay, ching toi trinh bay céc kién thtc chuan bi dé ti d6 lam

tien de cho toan bo luan van.

2.1. Hé théng ky hiéu, cac dinh nghia tién dé

Xem xét khong gian X 1a mot khong gian Banach bat ky véi chuan ||.||, va
ghép ndi chuan gitta khong gian X va topo d6i ngdu clia né Xx duoc ky hiéu 1a
<., >

Ta goi (4,<) la mot tap httu huéng. Ta goi mot ludi trong X duge danh chi
s6 béi A 1A (x))ren.

Cho truéc mot tap C C X, ta ky hiéu phan trong, bao déng, bao, bao 16i, bao
conic clia C lan lugt 1a intC, C, bdC, coC, va coneC. Khi tdp C 1a mdt tap 10,
extC' chi tap cac diém cuc tri cta C.

Ta ky hiéu B(z,7) 14 qua cau md trong X v6i tAm 2 va ban kinh r > 0, con
B*(z*, R) 1a qua cau déng trong X* v6i tAm tai z* va ban kinh R > 0. Ta goi S*
dai dién cho mat cau don vi ctia X*.

V6i mot tap hop khic rdng T C [0, +00) va C C X, ta quy udc rang

te|teT,xeC} C#0
ro . 11 } (2.1)

{0}, ngugc lai

Goi f: X - RU{+0co} 1a mot ham 16i chinh thudng. Ta sit dung céc ky hiéu



chuan nhu sau cho mién (domain) va epigraph ctia f:
domf :={zx € X | f(z) < 400} (2.2)

va

epif :={(z,r) e X xR | f(z) <r} (2.3)

Bé&i vi domf 16i, do d6 domf 16i.

Ta cting sit dung dinh nghia dudi vi phan cta f tai T € domf la tap hop
of (@) ={2" e X* | (z", 2 —T) < f(z) — f(T),Vz € X} (2.4)

Néu f(Z) = 4oo thi ta dit 0f(Z) := @. Véi mot tap 16i khac rong C € X, nén

chuan ciia C tai T € ¢ dugc ky hiéu bsi N¢(F) va dude cho béi:
Ne(T) := 06c(Z) ={a* € X* | (2™, 2 —T) <0,Vz € C} (2.5)
trong dé d¢(.) dai dién cho ham chi cia C va duge dinh nghia bai

0 zeC
do(.) = (2.6)
+oo  ngudc lai

Ta dinh nghia duéi vi phan ky di ctia f tai T € domf:
9 f(7) = {2 € X" | (a,0) € Nepis (7. (7))} (2.7)
Néu f(Z) = +o0, ta coi 8°f(Z) = @. Va né dé dang kiém tra duge:
9> f(@) = Naomf(T) (2.8)

Céc dinh nghia ma ching t6i dé cdp & trén 1a vé nén chuan, dudi vi phan va



duéi vi phan ky di ma ching khéng yéu cau vé gia dinh tinh déng va nta lién
tuc dudi trén cac tap hgp va ham.

2.2. Khai trién duéi vi phan

Phan nay ching to6i trinh bay mdt bd dé ma cho phép khai trién dudi vi phan
df(Z) dudi dang tong clia df(T) va 9 f(T).

B6 dé 1. Vdiz € dom, ta cd:
of(T) = of (x) + 0° f(7) (2.9)

Chimg minh. Néu 0f (7) = @, thi 0f(F) + 0°f(T) = &, va do d6 ta rit ra két
ludn ctia bo dé la diéu hién nhién.

Ngugc lai, dau tién ta nhan thay tdp hop & vé phai chtia tap hop & vé trai.
Goi bat ky z* € 0f(Z), bat ky y* € 9°f(Z). Thi, véi moi = € domf, ta cé:

(2%, = 7) < f(z) — [(@) (2.10)

va

(", z —7) + 0(f(z) — f(7)) <0. (2.11)

Bing cach iy téng vé theo vé nhimg bat ddng thitc niy, ta thu duoc:

(" +y" 2 —7) < fz) — f(T) (2.12)
ma am chi rang z* + y* € (). Chitng minh hoan tat. O]

2.3. Duéi vi phan ctia ham khoang cach

Goi T € domf va h € X. Pao ham theo huéng ctia f tai T theo huéng h, dudgc
dinh nghia
F@ ) = lim L& =@ (2.13)

t—0+ t




khi ma giéi han ton tai. N6 hoan toan kha thi rang f/(z,-) ¢6 gid tri —oo.

Ham khodng céch lién két v6i C' ¢ X dudc cho bdi cong thitc:
d(z,C):=inf{|lz —y|| |[lye C} v6i zeX (2.14)

v6i quy wée rang d(x, C) := +oo khi €' = @. Khi C 1a mot tap 16i khac rdng, dudi

vi phan ctia ham khoang cach d(-, C) tai moi diém C dugc tinh nhu sau:
dd(z,C) = No(x)NB* v6imoi ze€C (2.15)

Bé dé 2. Gid dinh rang C la mot tap con 1oi déng khdc rong cia X vd z* €
dd(x,C). Thi ||z*|| = 1 va ton tai mot day cuc tiéu (yn)nen trong C cia d(z,C),

tic la d(z, C) = limy o0 |lyn — 2| va y;, € No(yn) ma thoa

d(z,C) = lim (y,,x — yn) (2.16)
n—oo
va
lyp —a*|| =0 khi n— oo (2.17)

B6 dé 3. Cho = € X. Gid dinh ring C la mét tip con 1oi déng khdc mong cia

X. Thi ton tai mot day nho nhat (yn)nen trong C véi x va yi € No(yn) sao cho

d(z,C) = lim (y,z — yn) (2.18)
n—oo
va
lim sup [l5)] < 1 (2.19)
n—oo



CHUONG 3

CHAN SAI SO TOAN CUC CHO MOT HE BAT
PHUGNG TRINH LOI

Trong chuong ndy, chiing toi trinh bay mot s6 diéu kién can va du cho su ton
tai ctia chan sai s6 toan cuc ctia mdt hé bat phuong trinh 16i.

Ta goi f: X — RU {+00} 1& mot ham 15i. Xem xét bat dang thic
flx) <0 (3.1)
Ta dat S 1a tap nghiém cta (3.1), la:
S:={zeX|f(z)<0} (3.2)

Trudce tién, ta dinh nghia vé su ton tai cia mot chan sai so toan cuc cho bai

toan bat phuong trinh 16i nhu sau:

Dinh nghia 1. Bat phuong trinh 107 (3.1) dudc goi la ¢é mét chdn sai so6 todn

cuc néu ton tai mot s6 thuc T > 0 ma:
d(z,S) < 7fi(x) vdimoi x€X (3.3)

trong d6 fi(z) := max f(x),0.

Chiing ta gia dinh rang céc tap nghiém thi khic réng va khong tuong duong
dén toan bo khong gian X. Luu ¥ rang bdS # @ béi vi S # X. Hon nita, bdi vi f
khong dugce gia dinh rang né nita lién tuc dudi, nén gid tri ciia ham nay c6 am,

duong, hoiic v6 han tai mot diém trong bdS va nghiém S c¢é thé khong déng.



Mot b dé quan trong cho viée xay dung chin sai sd toan cuc cho bat phuong

trinh 16i ma khong can gia st vé nta lién tuc dudi nhu sau:
B6 dé 4. Véi T € domf, ta cd:
(i) Néu f(T) =0 thi 0f () = [0,1]0f(T) + 0 f(T).

(ii) Néu f(T) <0 thi 0fy(F) = 00 goms(T)

3.1. Diéu kién can cho sy ton tai chan sai so toan cuc

Mot dieu kién can cho su ton tai ciia chin sai s6 toan cuc cho bat phuong

trinh 16i (3.1) dugce phat biéu nhu sau:

Ménh dé 1. Néu bat phuong trinh 10i (3.1) c6 mot chdn sai s6 toan cuc thi ton

tai 7 > 0 sao cho vdi moiy € bdS N S, dieu kién sau phdi duoc théa man:

Ns(y) NS C A= (0,7]0f(y) néu f(y) =0 va Of(y) # 2, (3.4)

0% f(y)  khdec.

Chitmg minh. Sé bo sung chitng minh sau. ]

B&i vi tdp hop bdSN S ¢6 kha nang réng, diéu kién can (3.4) 1a chua dia. Tuy
nhién, trong trudng hop phan giao nay khac réng, ching ta sé khong biét rang
lieu dieu kién (3.4) 1a di chuwa. Tat nhién, mot diéu kién can va du ro rang 1a

diéu du yéu (weakest sufficient condition).

3.2. Piéu kién dn cho sy ton tai chan sai s6 toan cuc

Trong phan nay, ta xem xét dieu kién du cho chan sai s6 toan cuc clia bat
phuong trinh 16i (3.1). Tt d6, ta phan tich su khac nhau gitta né va diéu kién
can (3.4).
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Pinh ly 3.2.1. Xem xét bit phuong trinh 1oi (3.1). Gid dinh ring ton tai T > 0

sao cho vdi moiy € bdS, diéu kién sau hoan toan dudc théa:

(

(0,7]0f(y) if 0 < f(y) <+oo wa df(y) #0,

NS(:U) nsS* - A= 9 aém(y) néu f(y) = +00, (35)

(0% f(y)  Khic.

Thi bat phuong trinh 107 (3.1) ¢6 mot chdn sai s6 todn cuc.

Nhan xét 1. Ta nhan manh rang Pinh i 3.2.1 ¢d thé khong can thiét cho su

ton tai ciia mot bat phuong trinh 10i. Ta xem xét vi du vé né ¢ Vi du.

Nhan xét 2. Quan sdt thay rang trong nhiéu dong gop cho lj thuyét gidi han
sai $6 toan cuc/cuc by clia ham 10i, gid dinh nia lién tuc dudi hodc mot so diéu
kién trén tap nghiém, chang han nhu tinh déng, gidi han, v.v., da duoc dp ddt.
Khi cd f va fi khong nia lién tuc dudi va tap nghiém la khong dong va khong
bi chdn nhu trong cdc vi du sau, ching ta cé thé st dung Ménh dé 1 va Pinh ly

3.2.1 dé zdc dinh su khong ton tai hay ton tai cia gidi han 167 toan cuc.

3.3. Mot sé6 vi du

Vidu 1. Cho ham f:R?® — RU {+oc} duoc dinh nghia bdi

3+ 3,1+e ™ — 1 néu (z1,2,23) € (0,1] x [-1,2] x [-1,0],
f(x1, 22, 23) =
0, mnéu (z1,29,23) € {0} x (=1,0] x {0}, +0c0 khdc.

(3.6)

Vidu 2. Pat X =12, khong gian cia cdc ddy tong binh phuong cia cdc so thuc,

11



va goi f: X = RU{= oo} dugc cho bdi

)
Yoot néua’ <0,Vi € Nud ' # 0 vdi hau khap hiu han i,

f@):=4q1 néuz=(0,...),

\ 400 khdac.

3.4. Vi gia dinh tinh déng
Duéi gid dinh S déng, su ton tai clia chin sai sb toan cuc cho bat phuong
trinh 16i (3.1) c¢6 thé duge mo ta bang nén chuan va dudi vi phan nhu sau:

Hé qua 1. Vi bat phuong trinh 16 (3.1), gid dinh rang S dong. Thi bat phiuong
trinh 107 (3.1) c6 mot chdn sai s6 toan cuc néu va chi néu ton tai T >0 sao cho

vdi moi x € bdS, dieu kién sau duoc théa man:

Mo S 4 (0,7)0f(x) néu f(z) =0 va df(x) £ 2, 58

0 f(y) khdc.
Chitng minh. S& bo sung chitng minh sau. []

Nhan xét 3. Hé qud 1 tuong duong vdi Dinh Iy 3.2 trong [22], mot mé td vé
chdn sai so todan cuc trong thudt ng@ weak basic constraint qualification va “end

set”cua dudi vi phan.

Trong thuc hanh, c6 thé khong can phai xac minh diéu kién can va du.

3.5. Nghién citu trong hitu han chiéu
Trong phan nay, ching tdi trinh bay cac truong hop trong khong gian hitu
han chiéu ma don gidn hon dé kiém tra su ton tai ctia chin sai s6 toan cuc.

DPinh 1y 3.5.1. Vi bt phuong trinh (3.1), gid dinh raing X = R™. Va gid st
rang S compact, va bdS C f~1(0). Thi bat phuong trinh (3.1) c¢6 mét chdn sai s6

12



toan cuc neu va chi neu ton tai T >0 ma vdi moi x¢ € extS thoa man dieu kién

sau:
0,7]0f(z°) néu of(z°) # @,
Ng(z®)NS* C A := (0,7104(=") (=) (3.9)
0®f(2¢) néu Of(x¢) = @
Ching minh. Sé bo sung chtmg minh sau. ]

Trong mot sé trudng hop, tadp hop cac diém cuc tri c6 thé nhd hon tip cac
diém bién. Vi du sau day minh hoa uwu diém citia Dinh 1y 3.5.1 so vdi cac két
qud trude day. Hon nita, né cling cho thay diéu kién (3.5) trong Dinh 1y 3.2.1 14
khong can thiét.

Vidu 3. Ham f:R? — RU {+oc} duoc cho bdi

max{e ™ — 1, |z3|} néu (z1,22) € (—00,2] x R,
f(z1,20) = (3.10)
+oo  khdc.

Hé qua 2. Véi bat phuong trinh (3.1), gid dinh rang X = R", f lién tuc vd S
compact. Thi bat phuong trinh (3.1) ¢ mot chan sai s6 toan cuc néu va chi néu

ton tai T > 0 ma vdi moi x° € extS ma théa diéu kién sau:
Ng(z°)N'S* C (0,7]0f (z°). (3.11)

Chitng minh. Sé bo sung chitng minh sau. []

Quan sat rang khi t4p nghiém S compact va f lién tuc, thi ta thuong sit dung
diéu kién Slater dé xdc su ton tai ctia mot chan sai sd toan cuc bdi vi né 1a mot
diéu kién da don gian. Nhung ma, diéu kién nay c¢é thé khong thoéa trong mot
s6 tinh hubéng khi ma Hé qua 2 c¢6 thé dude 4p dung. Ching ta xem xét vi du

minh hoa sau day.
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Vidu 4. Ham f: R — R duoc dinh nghia bdi

f(x) = max{gi(z), ga(), 0} (3.12)

14



CHUGNG 4

PIEU KIEN CAN VA PU CHO TiNH CHAT PLV, VA
UNG DUNG

Trong chuong nay, ching toi trinh bay mét quy tic dé tinh toan tap hop dudi
vi phén clia chin trén nhd nhat ting diém ctia ham 15 lién tuc duge dinh nghia
trén khong gian Banach. Két qua nay ciing véi két qué & chuong trude dude ap
dung dé kham ph4 su ton tai clia chiin sai s6 toan cuc cho hé vo han bat phuong

trinh 16i va tuyén tinh.

4.1. Mé& dau

bit f;: X - R,i € I 1a mdt ho cdc ham 16i chinh thudng, trong d6 I 1a mot
tap hop c6 chi s6 bat ky (khong nhat thiét phai hitu han). V6i mdi = € X, ta
dinh nghia F(z) := sup;c;{fi(x)} va tap chi s kich hoat tai x 1a

I(z):={ieI| fi(z) = F(z)}. (4.1)

Ta luon gid dinh rang chin trén nhé nhit ciia ham F(z) < +oo véi moi = € X.

Dinh nghia 2. Ho ham {f;};cr duoc goi la tinh chat Pshenichnyi-Levin-Valadier
(viét tit la PLV) tai x € domF néu

OF (x)=co | | ofi(x) (4.2)

1€l(x)

15



Dinh nghia nay c6é mét gia dinh rang
Jofix) = 2. (4.3)

BPinh nghia 3. Goi D : X = X* la mot anh za da tri va x € X. Thi D dugc got
la nida lién tuc trén Kuratowski (uKsc) tai x néu quan hé (z)\)res — z, 25 € D(z))
va (73)ren W2t dm chi rang ©* € D(x), trong doé (z))ren — z (tuong duong vdi,
(23)aea vy z*) ¢6 nghia la Wéi (x))ren hOi tu vé x tuong wng vdi chudn topo cia
X (tuong duong vdi (x3)aea hoi tu vé x* tuong dng vdi topo yéu * cia X*). Ta

not D uKsc neu né la uKsc tai hau khap trong mien cia no.

Ky hiéu trén vé nita lién tuc trén Kuratowski (uKsc) dude xem xét cho truong
hop cu thé X = R™ va duge st dung ké kham pha tinh chat PLV.

Hon nita, nhac lai rang, mét tap da tri 7 : X = X* dude goi 1a bi chan cuc
bo tai T € X néu ton tai r > 0 ma T'(B(z,r)) 1a mot tap bi chan.

Truée khi di vao két qua chinh, ta st dung hai két qua trong B6 dé sau:

B& dé 5. Goi g: X — RN {+oo} ld mdt ham 1oi nita lién tuc dudi va T € domg

va goi (zy,ry) € gphdg véi moi A € A. Thi:
e Og bi chdn cuc b6 tai T néu va chi néu T € domg.

o« Néu (za)res = T (25)nen D o* va hedi (x3)ren li chudn bi chin thi (z,7%) €

gphdg.
B6 dé 5 1a mot diéu kién di cho ntta lién tuc trén Kuratowski ciia dg.
4.2. Két qua chinh

Phan nay, ching téi trinh bay vé diéu kién can va du cho tinh chat PLV nhu

Sau:
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Dinh ly 4.2.1. Goi f; la ham 167 lién tuc vdi moii € I va goi T € X. Pt

D@):=co| |J 0fi(x)| woizeX (4.4)
i€l(x)

X

Gid st rang I(z) khdc rong vdi moi = trong mét lan cin cia T. Thi, OF (T) = D(T)
néu va chi néu D la uKsc tai 7.

Ching minh. Sé bo sung chtmg minh sau. ]

Va bay gio, ta 4p dung Pinh 1 4.2.1 dé ma nghién ctu I thuyét chin sai sb
Goi f;,i € I, va F nhu da dé cap dau chuong. Xem xét hé bat phuong trinh 16i:

fil) <0,Viel (4.5)

Dinh nghia 4. H¢ (4.5) duge goi la ¢6 mot chdn sai s6 toan cuc néu ton tai
mot s6 thuc ™ > 0 sao cho

d(z,Sp) < TFy(x) vdi moix € X, (4.6)

trong do Sp := {xX | fi(x) < 0,Vi € I} va Fi(x) := max{F(z),0}. Ta cung dat

Tmin 10 chdn dudi l6n nhdt cia tdt cd hang chdn sai s6 T théa dieu kién trén.
Ménh dé sau ddy moé ta dic diém ciia giéi han 16i toan cuc cho hé (4.5).

Ménh dé 2. Goi ho ham {fi}icr va D nhu trong Pinh Iy 4.2.1. Gid dinh rang
voi mot x € bdSg, D la uKsc tai x va I(z) # & vdi moi z trong lan can cua x.

Thi, hé (4.5) ¢ mét chan sai so toan cuc néu va chi néu ton tai T > 0 sao cho

vdi moi x € bdS théa man diéu kién sau:
O,TCO( p xﬁix) néu F(z) =0 va OF (z) # 0,
Ng (2)NS*C A (0, 7]co( User(y) 0fi() (z) (x) #
O®F(x) khdc .

(4.7)
17



Chitng minh. Sé bo sung chitng minh sau.

4.3. Mét sb trudng hgp dic biét

~ 2
Sé bd sung sau.
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KET LUAN

Luén 4n nay trinh bay cich xit Iy cdc ham 16i khong c6 tinh nita lién tuc dudi
trong khuon kho 1y thuyét giéi han 16i toan cuc. Sau khi cung cap cac dieu kién
can va du cho su ton tai cia giéi han sai s6 toan cuc ctia ham 16i, ching t6i dua
ra md td dudi vi phan clia chan trén nhoé nhat clia mot ho tiy ¥ gdm cdc ham
lién tuc 16i. Céc két qua thu duoe dude 4p dung dé rit ra cac dac tinh cho su
ton tai clia gidi han sai sb toan cuc dbi véi cac hé bat ding thic tuyén tinh vo

han.
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Abstract

In this paper, we first present necessary and sufficient conditions for the existence
of global error bounds for a convex function without additional conditions on the
function or the solution set. In particular, we obtain characterizations of such global
error bounds in Euclidean spaces, which are often simple to check. Second, we prove
that under a suitable assumption the subdifferential of the supremum function of an
arbitrary family of convex continuous functions coincides with the convex hull of the
subdifferentials of functions corresponding to the active indices at given points. As
applications, we study the existence of global error bounds for infinite systems of
linear and convex inequalities. Several examples are provided as well to explain the
advantages of our results with existing ones in the literature.

Keywords Convex inequality - Global error bounds - Infinite systems of convex
inequalities - The PLV property - Uncertain linear inequality systems
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1 Introduction

The pioneering results of Hoffman [20] on error bounds for systems of affine
inequalities in finite dimensional spaces have played a vital role in the mathemati-
cal programming problems, see, e.g., the excellent survey papers [1, 3, 7, 13, 24, 26,
28, 37]. Studies of the existence of error bounds lead to a wide range of applications
in many areas such as sensitivity analysis, subdifferential calculus and convergence of
numerical methods etc., see, e.g., [2, 24, 25, 33, 44]. The main directions of develop-
ing Hoffman’s famous results so far are extending them to various systems in infinite
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dimensional spaces. Robinson [39] was a crucial player in this process from the begin-
ning. In [39], he showed that global error bounds for a continuous convex function
hold when the solution set is bounded and the Slater condition is satisfied. Ioffe [23]
studied error bounds (under a different name) under the assumption that functions are
locally Lipschitz on Banach spaces. Since these fundamental works, a large number of
contributions to the theory of error bounds have been made by many authors, see, e.g.,
[6,7, 11, 13, 18, 30, 35, 36, 43, 45, 46] and the references therein. It should be noted
that in the publications cited above, most of the error bound criteria were formulated
for continuous, lower semicontinuous functions or restrictions on the solution set.

Recall that a subset of a Banach space is said to be evenly convex if it is the
intersection of an arbitrary family, possibly empty, of open halfspaces, and a function
from a Banach space to the extended real numbers is said to be evenly convex if its
epigraph is an evenly convex set. Even convexity was initially introduced in the finite-
dimensional case by Fenchel [17] and has since become a remarkable notion in convex
analysis. In particular, evenly convex optimization problems have many applications
and have been the subject of intensive research in the past several decades. The recent
monograph “Even Convexity and Optimization” of Fajardo et al. [14] is an excellent
reference for readers who are interested in this subject. As shown in [15, 40, 42], lower
semicontinuous convex functions are special cases of evenly convex functions, while
any evenly convex function is convex. This means that the class of convex functions is
strictly broader than the class of lower semicontinuous convex functions. Therefore,
the theory of error bounds for convex functions without assuming lower semicontinuity
is a topic worth studying.

On the other hand, the notion of constraint qualification for finite systems of convex
inequalities also plays an important role in optimization. Various extensions of this
notion have been studied in the literature by focusing on considering infinite systems
in infinite dimensional spaces, see e.g., [12, 16, 21, 29, 31, 32]. Observe that many
necessary and sufficient criteria for the existence of error bounds were formulated by
way of constraint qualification conditions. For instance, Zheng and Ng [46] established
a characterization of local error bounds for convex inequalities in term of the strong
basic constraint qualification; then Hu [22] has made a significant improvement of
the result of [46]; Ngai [34] proved the equivalence between the Lipschitzian-type
global error bound for systems of many finitely convex polynomial inequalities and the
Abadie qualification condition; Bot and Csetnek [6] provided a sufficient criterion for
the existence of global error bounds in terms of the boundedness of the solution and the
Slater qualification condition, etc. Recently, Chuong and Jeyakumar [8, 9] presented
some interesting characterizations of robust error bounds for linear inequality systems
under data uncertainty by way of basic constraint qualification-related conditions.
As an application, they derived the existence of robust error bounds in the cases of
commonly used scenario uncertainty and interval uncertainty. In addition, it should be
emphasized here that constraint qualifications for infinite systems are closely related
to the so-called Pshenichnyi-Levin-Valadier (PLV in short) property as shown in [32].

Inspired by the above observations, we refine the results of [6, 8—10, 22, 25, 32, 36,
46] in two directions. We notice first that the lower semicontinuity of a convex function
and restrictions on the solution set in the theory of global error bounds can be omitted.
Second, we extend a result (the PLV property) of [29] from finite dimension spaces to
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general Banach spaces. As applications, we present characterizations of global error
bounds for arbitrary families of linear and convex functions.

The paper is organized as follows. In the next section, we provide some basic defi-
nitions and several auxiliary results. In Section 3, we present necessary and sufficient
conditions for the existence of global error bound for an inequality defined by a single-
valued convex function without any restrictions on the function or the solution set.
Under additional conditions, we derive characterizations of such global error bounds
by way of the normal cone and subdifferentials of the function at the boundary or
extreme points of the solution set. In the last section, we establish a necessary and suf-
ficient condition for the PLV property in Banach spaces. Using this result, we provide
characterizations of global error bounds for infinite systems of convex inequalities and
for linear inequality systems under data uncertainty.

2 Priliminaries

Throughout this paper (unless otherwise specified), the space X under consideration
is arbitrary Banach with the norm || - ||, and the canonical pairing (-, -) between X
and its topological dual X*. Let (A, <) be a directed set. A net in X indexed by A is
denoted by (x;)sea. Given a set C C X we use int C, C, bd C, co C and cone C to
denote the interior, closure, boundary, convex hull and conic hull of C, respectively.
When C is convex, ext C signifies the set of extreme points of C. We also denote the
open ball in X with center at x and radius r > 0 by B(x, ), while B*(x*, R) stands
for the closed ball in X* with center at x* and radius R > 0. Let S* stands for the the
unit sphere of X*. As usual, N and R denote the set of the natural numbers and that
of the real numbers, respectively. For a non-empty set T C [0, +0o0) and C C X, we
adopt the convention that

{tx | teT,xeC}, ifC #40,
{0}, otherwise.

TC - { (1)

Let f : X — RU{4o0} be a proper convex function. We use the standard notations
domf :={x e X | f(x) < +o0}

and
epi f:={(x,r) e X xR | f(x) <r}

for the domain and the epigraph of f, respectively. Note that since dom f is convex,
so is dom f. Recall (cf. [44, p. 80]) that the subdifferential of f at x € dom f is the

set

IF(E) = {x* e X* | (x*,x — %) < f(x) — f(Z), Vx € X).
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If f(x) = 400 then we put d f(x) := {. For a nonempty convex set C C X, the
normal cone of C at x € C is denoted by N¢(x) and given (cf. [44, p. 87]) by

Ne(F) := 38¢c(F) = {x* € X* | (x*,x —X) <0,Vx € C}, 2)

where §¢ (-) stands for the indicator function of C defined by §c(x) := 0 forx € C
and by éc(x) = +oo otherwise. The singular subdifferential of f at x € dom f is
defined (cf. [22, 33]) by

I f (%) == {x" € X" | (x*,0) € Nepiy (%, f(X))}.

If f(x) = 400 we consider 9 f(x) = . It is easy to verify that

9% f(X) = Ndom f (X). 3)

Observe that the above definitions of the normal cone, subdifferential and singular
subdifferential do not require any closedness and lower semicontinuous assumptions
on the sets and functions.

In the following lemma, we will express d f (x) in terms of d f(x) and 9°° f(x).

Lemma 2.1 For x € dom f, we have

Af (%) =9 f(x)+ 3% f(X). 4)

Proof Note that the formula (4) is well known (see, e.g., [22, p. 310]). For the sake of
readability, we hereby introduce a proof in detail.

Ifof(x) =@thend f(x)+ 9°° f(x) = @, and hence the conclusion of the lemma
is obvious. Otherwise, we first have that the set on the right-hand side of (4) contains
the set on the left-hand side. For the converse, let any x* € 9 f(x) any y* € 9 f (x).
Then, for every x € dom f we have

(xFx —X) = f) = f(X)

and

(V' x —=X) +0(f(x) — f(x)) <0.
By summing these inequalities side by side, we obtain
(X" + ¥ x —X) < fx) = f(),

which implies that x* + y* € 9 f(x). The proof is complete. O

Let x € dom f and & € X. The directional derivative of f at x in the direction &
is defined by

J&x+th) = f(X)
t

f'(&, h) = lim
t—07*
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when this limit exists. It is possible that f’(x, -) take the value —oo.
The distance function associated with C C X is given by

d(x,C) :=inf{|lx —y|| | ye C}forx € X

with the convention that d(x, C) := 400 whenever C = (). When C is a nonempty
convex set, the subdifferential of the distance function d(-, C) at every point in C is
computed by (cf. [44, Proposition 3.8.3])

dd(x, C) = N¢(x) NB* forevery x € C. (5)

Moreover, the subdifferential of a distance function also has the following important
properties (see, e.g., Ngai and Théra [36, Lemma 1]).

Lemma 2.2 Suppose that C is a closed nonempty convex subset of X and that x* €
dd(x, C) for x & C. Then ||x*|| = 1 and there exist a minimizing sequence (y,)neN
inCofd(x,C) (ie,d(x,C) =lim, |lyn — x||) and y;; € Nc(y,) such that

d(x,C) =nli)ngo(y;‘,x —yp)and ||y; — x*|| > 0asn — oo.

Combining (5) and Lemma 2.2 we have the following result that will be used in the
next section to prove a sufficient condition for the existence of a global error bound.

Lemma 2.3 Let x € X. Suppose that C is a closed nonempty convex subset of X. Then
there exist a minimizing sequence (yn)neN in C for x and y; € Nc(y,) such that

d(x,C) = lim (y;,x — y,) and limsup [|y;|| < I.
n—oo

n—oo

3 Global Error Bounds for a Convex Inequality

In this section, we give some necessary and sufficient conditions for the existence of
global error bounds for a convex inequality. To make sure the role of our study, we also
provide several examples to illustrate and explain the advantages of obtained results

with existing ones in the literature.
Let f : X — R U {400} be a convex function. Consider the inequality

fx) <0. (6)
Denote by S the solution set of (6), that is,

S:={xeX| f(x)<0).
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Definition 3.1 The inequality (6) is said to have a global error bound if there exists a
real number t > 0 such that

dx,S) <tfi(x)foralx e X, (7)

where f (x) := max{f(x), 0}.

We assume throughout that the solution sets are nonempty and not equal to the entire
space X. Note that bd S # ¢ due to S # X. Further, since f isn’t assumed lower
semicontinuous, the value of this function can be negative, positive or infinity at a
point in bd S and the solution S may not be closed, as will be seen in examples below.
Before we prove the first result of this section, we need the following lemma, where
the part (i) is from [22, Lemma 2.6] and the part (i1) is due to [44, Example 2.8.1].

Lemma 3.1 For x € dom f, we have:

() If f(x) = Othen 9 f1(X) = [0, 1]0 f (X) + 0% f (X).
(i1) If f(x) < O then 9 f1 (x) = 98dom f (X).

A necessary condition for the existence of a global error bound for the convex
inequality (6) is stated as follow.

Proposition 3.1 If the inequality (6) has a global error bound then there exists T > 0
such that for all y € bd S N S, the following condition holds

O, t]of(y) iff(y) =0anddf(y) # 9,

d% f(y) otherwise. (8)

Ns(y)NS* C A := {

Proof Suppose that the inequality (6) has a global error bound, i.e., there exists a real
number T > 0 such that

dx,S) <tfi(x)forall x € X. 9)
For any fixed y € bd S N S (if this intersection is empty there is nothing to prove), we
will show that (8) holds for this 7. Indeed, by (5), one has Ng(y) N S* C ad(y, S).
This means that for fixed x* € Ng(y) N S*, the following inequality is satisfied
(-X*yx_y)Sd(x’S)_d(y’S), Vx € X.
Since d(y, §) = f4(y) = 0 we deduce from (9) that

(X, x —y) S T(f4 (0 — 1), VxeX.

Thus, x* € 70 fy(y). Three cases are possible: (a) f(y) = 0 and 9 f(y) # 0; (b)
f(y)=0and 0 f(y) = @; and (c) f(y) < 0. In cases (a) and (b), since f(y) = 0 it
follows from Lemma 3.1 (i) that

T3 f+(y) =10, 710 f(y) + 10 f(¥)
=10, 710 f(y) + 9% f(y),
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where the last equality is valid because 9°° f(y) is a cone. If 9 f (y) # () then we get
from (4) that x* € [0, t]0 f(y), and therefore x* € (0, t]d f(y) since x* # 0; while
if 9 f(y) = @, we have by (1) that x* € 9°° f(y). In case (c), it follows from Lemma
3.1 (ii) that 9 f (y) = 08dom (), and hence

79 f4(¥) = Naom r(y) = 3% f(y),

where the first equality follows directly from (2) and the other follows from (3). So
(8) has been proved.
O

Since the set bd SN S is possible empty, the necessary condition (8) is not sufficient.
However, in the case when this intersection is nonempty, we don’t know the answer
as to whether or not the necessary condition (8) is sufficient. Of course, a necessary
and sufficient condition (i.e., a full characterization) is clearly the weakest sufficient
condition.

Next we provide a sufficient criterion for global error bounds of the inequality (6),
which is somewhat different from (8).

Theorem 3.1 Consider the inequality (6). Assume that there exists T > 0 such that for
all y € bd S, the following condition is fulfilled

0, 7] f(y) 1f0 =< f(y) < +ooanddf(y) # Y,
N3(y) NS* C A= 085507 (y) i f(y) = o0, (10)
0% f(y) otherwise.

Then the inequality (6) has a global error bound.

Proof 1t is well-known that d(x, S) = d(x, S) for all x € X. Therefore, it suffices to
show that

d(x,S) < 1 fi(x) forevery x € X.

Indeed, for any fixed x € X, according to Lemma 2.3, there exist a minimizing
sequence (y,)nen C S for x and y;; € Ng(yy,) such that

d(x,S) = lim (s, x — yn) and limsup |y < 1. (11)

n—o0

Clearly, if y; = 0 then

(Vs X —yn) =0 < T f1.(0). (12)

Otherwise, one has || y*| # 0, and hence

*k
2 e Ng(y,) NS*. (13)
[yl
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Note that S = intS U bd S and if y, € int S then N5(yn) = {0}. Thus, it follows
directly from (13) that y, € bd S. Now we distinguish four possible cases: (a) 0 <
FOm) < +ooand 3f(yn) # %5 () f(y) = +00; (©) 0 < f(ya) < +00 and
0 f(yp) = 0; and (d) f(y,) < 0. In the first case, the relations (10) and (13) tell us
that there exists £ € (0, 7] such that

<yif

In the case (b), we also get from (10) and (13) that

(2o x =) <0 = T fi(). (15)
(A

For the case of (c), let g(z) := max{f(z) — f(y,), 0} for all z € X. We observe first
that y,, is a minimum point of the convex function g, which implies O € dg(y,). Thus,
we have by (4) an inclusion

3% g(yn) S 0g(yn)-

On the other hand, since dom f = dom g we obtain from (3) that

3% f(yn) =3¢ (),

and therefore

3% f(yn) = 13 f(yn) S 73g(yn).

Again, by (10) and (13), one has ”i—z” € 19g(yn), which yields

(2, % = ) < T(2(0) — g(yn))
= 7(max{f(x) — f(yn), 0} — max{f(yx) — f (), 0}) (16)

< tf+(x).

In the last case, we repeat the argument as in (c) with g replaced by f... Then we also
have

<||§Z|| T y"> < T(fr(x) — frm) =T fr ().

Combining this with (12), (14), (15), (16) and (11) we get

d(x,8) = lim (yy,x — y,) < limsup [[y;[I7 f+(x) < 7 f4(x).

li
n—00 n— 00
The proof is complete. |
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Remark 3.1 Itshould be emphasized that Theorem 3.1 may not be necessary, in general,
for the existence of a global error bound for a convex inequality, as will be demonstrated
by Example 3.3 below.

Remark 3.2 Observe that in many contributions to the theory of global/local error
bounds for convex functions, the lower semicontinuity assumption or several condi-
tions on the solution set, such as the closedness, the boundedness, etc., have been
imposed. When both f and f; are not lower semicontinuous and the solution set is
non-closed and unboundedness as in the following examples, we can use Proposition
3.1 and Theorem 3.1 to determine the nonexistence or existence of a global error
bound.

Example 3.1 Let f : R3 — R U {400} be defined by

xP+3x+e B =1 if (xg, x2,x3) € (0, 1] x [—-1,2] x [-1,0],
fx1,x2,x3): =10 if (x1, x2, x3) € {0} x (=1, 0] x {0},
+00 otherwise.

By setting
C:=(0,1] x[-1,2] x [-1,0] U {0} x (-1, 0] x {0},
we can rewrite the function f as
f(x1,x2,x3) = 8¢c(x1, x2, X3) —I—xlz +3x; + e — 1 for (x1, x2, x3) € R,

where §¢ 1s the indicator function of C. Then, we have that dom f = C and

S = {(x1, 02, x3) € R | f(x1,x2,x3) < 0} = {0} x (—1,0] x {0}.
Observe that, as f is proper convex, then so is f. But both f and f are not lower
semicontinuous and since § is not closed, many existing results do not work. Also
note that (0, —1,0) € bd S and f(0, —1, 0) = +o0.

Now for x = (0,0,0) € bd § N S, we can directly calculate that f(x) = 0,

Ng(x) = {x* = (x],x5,x3) € R | (x*,y —%) <0, Vy € {0} x (—1,0] x {0}}
=R x [0, +00) x R,
Ne@) = {x* e R? | (x*,y — %) <0, Vy € C} = (00, 0] x {0} x [0, +00)

and
df(x)=Nc(x)+ (3,0, —1) = (—00, 3] x {0} x [-1, +00).
Clearly (0, 1, 0) € Ng(x) N'S*, but for any 7 > 0 one has

(0,1,0) ¢ (—00,37] x {0} x [—7,+00) = (0, 7] f (x).
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This means that the relation (8) does not hold at x. Applying now Proposition 3.1, we
conclude that the inequality f(x1, x2, x3) < 0 does not admit a global error bound.

Example 3.2 Let X = [?, the space of square-summable sequences of real numbers,
and let f : X — R U {400} be given by

Y2, xt ifx’ <0, Vi € Nand x' # 0 for at most finitely many i,
fx)=11 ifx=(0,...),
+00 otherwise,

where x! denotes the i th coordinate of x. Then we get that f is a convex function and
S={x',....,x",..)eX|x' <0, Vi e Nand x' # 0 for finitely many i}.

It is interesting to note that the solution set S is non-closed and unbounded and, f and
f.+ are not lower semicontinuous. Moreover, it may not be easy to find f, where f is the
lower semicontinuous regularization of f given by f(x) := lim inf y—x f(y) forx €
X.

To try with Theorem 3.1, we first observe that

dom f = S U [&}, (17)

where x := (0,0...). In addition, one has x, := (—zl,,, 0,...) € § for each natural
number, and lim,—, »c X, = X. This together with (17) implies that

¥ €S =dom f. (18)

Now let y be an arbitrary element of bd S. We consider two possible cases: (a)
f(y) = +ooand (b) y € dom f = S U {x}. For case (a), we get from (18) that

N5(y) = Ngom7 () = 385557 (¥,

and hence the condition (10) is fulfilled. For case (b), we first note that if y € § then
f(y) < 0. Next we claim that 9 f (x) = . Indeed, if x* € 9 f(x) then (cf. [44])

(x*, h) < f'(x,h) forall h € X.

Let e; denote the 1-th unit vector in ¢%. Then we have

_”x*H < (x*’ _ey) < f/(i, —e)) = 1iI(I)1+ fx— te;) — f(x) N

an impossibility. Thus, the condition (10) also holds in this case since

Ng(y) = Nm()’) C Ndomf(y) = aoof(y)

According to Theorem 3.1, the inequality f(x) < 0 admits a global error bound.
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Under the assumption that § is closed, the existence of global error bounds for the
convex inequality (6) can be characterized by the normal cone and subdifferentials as
follows.

Corollary 3.1 For the inequality (6), assume that S is closed. Then the inequality (6)
has a global error bound if and only if there exists T > 0 such that for all x € bd S,
the following condition holds

O, 7)o f(x) iff(x)=0andadf(x)#0,

0% f(x) otherwise.

Ns(x)NS* C A := { (19)

Proof Since S is closed, one has bd § NS = bd S and further that f(y) < 0O for all
y € bd §. Thus, both relations (8) and (10) become (19). Now the conclusions follow
directly from Proposition 3.1 and Theorem 3.1. O

Remark 3.3 Corollary 3.1 is equivalent to Theorem 3.2 in [22], a characterization of
global error bounds in terms of the so-called weak basic constraint qualification and
“end set" of subdifferentials.

In practice, it may not be easy to verify the above necessary and sufficient conditions.
Next we study special cases in finite dimensional spaces, which are often simpler to
check the existence or nonexistence of global error bounds.

Theorem 3.2 For the inequality (6), assume that X = R". Assume further that S is
compact andbd S € f~1(0). Then the inequality (6) has a global error bound if and
only if there exists T > 0 such that for all x¢ € ext S the following condition holds

0, 71 f(x¢) ifd f(x) £ @,

9% £ (x©) ifd f(x¢) = 0. (20)

Ng(x)NS* C A := {

Proof By Corollary 3.1, it is sufficient to show that if the relation (20) holds on ext S
then for all x € bd S,

0, 7]of(x) ifd f(x) # 9,

Ng(x)NS* C A := { 3% f(x) ifd f(x) = 0.

1)

Indeed, let x € bd S be an arbitrary element. By Minkowski theorem (see, e.g., [5]),
x € co (ext §). Then the Carathéodory theorem (cf. [44]) tells us that there exist

x{, x5 .. .,x§+1 eextSand oy, o, ..., a,4+1 € [0, 1] such that
n+1
e e e
X = (1 — Za,-)xl +ox; + -+ dpp1x,
i=2

Clearlyifa := Z?izl a; = 0O then the relation (21) holds at x, we are done. Otherwise,
we set

aZ e an+1 e
Wi= —x§ 4
o 2 o n+1
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and
vi=x — x| = —ax] +au. (22)
Then it is easy see that
x = (1—a)x]+au. (23)

For any x* € Ng(x), we have (x*, —v) = (x*, x{ —x) < 0, or equivalently, (x*, v) >
0. Further, since u € S we also have

(x*,u—x)=x*u—(1—a)xi—au) (by(23))
= (x*, (1 —a)(u — x{))
(x*, (1 - Ol)( axf n au)>

= (x7, (5 — Dv) =0 (by (22)),

which implies that (x*, v) < 0. Thus,
(x*, v) =0. (24)
It follows that for all s € S,

(x*,s —x{) = (x*, 5 — (x —v)) (by 22)
= (x*, s —x)+ (x*, v)

= (x",5s —x) <0,
ie., x* € Ng(x{). Thus one has
Ngs(x) NS* € Ng(x) N Ns(x{) N S*. (25)

Now we discuss two cases: 0 f (x{) # ¥ and 0 f (x{) = @. In the first case of 9 f'(x]) #
@, for any fixed x* € Ng(x) N d f(x]) and v as in (22) we have that for every y € X,

(x* y —x)=(x*y —x)+ {x*, v) (by24)
<x y—(x—v)>
=<x ,y—x1> (by 22)
< f(y) = f&D)
= f(y) — fx),

where f(x) = f(x{) = 0 by virtue of x,x{ € bd S C £71(0). It follows that
x* € 0 f(x), and therefore

Ng(x) N d f(x}) € 9f(x). (26)
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In the second case of d f(x]) =, for fixed x* € Ng(x) N Ngom s (x{) and v as in (22)
we also have by (24) and (22) that

(x*,y —x)=(x*y —x{) < Oforall y € domf,
i.e., x* € Ngom s (x). Consequently,

Nsg(x) N aoof(xf) = Ng(x) N Ndomf(xf) - Ndomf(x) = aoof(x).
Combining this with (20), (25) and (26) completes the proof. O

The interested reader is referred to [22] for some results on the global error bounds
of a convex function under more general conditions related to the weak basic constraint
qualification and end set of subdifferentials and the segment extension property.

In several cases, the set of extreme points may be smaller than the set of boundary
points. The following example illustrates the advantage of Theorem 3.2 over several
known results from the literature. Moreover, it shows as well that the condition (10)
in Theorem 3.1 is not necessary.

Example 3.3 Let f : R> — R U {400} be given by

| max{e™ —1, [xz2]} if (x1,x2) € (=00, 2] x R,
SO, x2) = {+oo otherwise.

Observe that f can be represented as follows:

S (x1,x2) =8¢ (x1, x2) + max{g(x1, x2), g2(x1, x2)},

where C := (—00, 2| xR, g1(x1, x2) := e "' —1and g2 (x1, x2) := |x2| for (x1, x2) €
R2. It can be checked that

dom f = (—o00,2] x R,
S == {(x1, x2) € R? | f(x1,x2) <0} = [0,2] x {0}.

In order to show the existence of a global error bound for the inequality f(x) < 0, we
can use either Theorem 1 in [28] or Theorem 3.4 in [34] or Proposition 2.1 in [46] by
verifying conditions in these theorems holding for all x € f ~10) = [0, 2] x {0} (or
bd S). However, since S is compact and bd § = f~1(0), by using our Theorem 3.2,
we only need to check the fulfillment of (20) at two extreme points {(0, 0), (2, 0)}. In
fact, we can directly calculate that f (0, 0) = max{0, 0} =0,

df(0,0) = Nc(0,0) +co {0g1(0,0),dg2(0, 0)}
=(0,0) +co {(—1,0),{0} x [-1, 1]}
={(x1,x) eR? | =1 <x; <0, —x;—1<x2 <x;+1}
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and

Ns(0,0) = {(x, x3) € R | ((x], x3), (x1,x2)) <0, ¥(x1,x2) € [0,2] x {0}
= (—00, 0] x R.

Then take any T > +/2 to get
Ng(0,0)NS* C (0, 713 (0, 0). 27)
We also have f(2,0) = max{e‘1 — 1,0} =0,
df(2,0) = Nc(2,0) + {9g2(0,0)}
= [0, +00) x {0} 4 [0, +00) x [—1, 1]
= [0, +00) x [—1, 1].
and

Ng(2,0) = {(xF,x3) € R? | ((x}, x3), (x1 —2,x2)) <0, V(x1,x2) € [0,2] x {0}
= [0, +00) x R,

and thus yields an inclusion
Ns(2,0)NS* C 3 f(2,0).
This together with (27) implies that the relation (20) holds for all x € ext S. According
to Theorem 3.2, the inequality f(x) < O has a global error bound, i.e., there exists
T > 0 such that
d(x,S) < Tfi(x), VxeR. (28)

Next let g : R? — R U {400} be given by

fxr,xp)  if (xq, x2) € (—00,2) X R,
+00 otherwise.

g(x1, x2) = {
Then we have
S i={x € R? | g(x) < 0} = [0,2) x {0}.
By (28) and the definition of g, one has
dx,Sg) =d(x,S8) <tf1(x) <1g4(x)foreachx e R?,

that is, the inequality g(x) < 0 has a global error bound. However, for (2, 0) € S_g we
have that g(2, 0) = 400,

Nm(Z, 0) = {(xf,x;) e R? | ((x7,x3), (x1 —2,x2)) <0, V(x1,x2) € (—00,2] x R}
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= [0, +00) x {0}
and

NQ(Z, 0) = Ns(2,0) = [0, +00) x R.

Therefore,

N5 (2,0) NS* & Nygna (2, 0) = 9835522, 0).

This means that the condition (10) in Theorem 3.1 is sufficient for the existence of
global error bounds for a convex inequality but not necessary.

Corollary 3.2 For the inequality (6), assume that X = R", f is continuous and S is
compact. Then the inequality (6) has a global error bound if and only if there exists
T > 0 such that for all x¢ € ext S, the following condition holds

Ns(x“)NS™ € (0, 719 f (x). (29)

Proof Since f(x) =0and d f(x) # @ forall x € bd S, the conclusions follow from
Theorem 3.2. O

Observe that when the solution set S is compact and f is continuous, then we often
use the Slater condition to determine the existence of a global error bound because it
is a simple sufficient condition. But, this condition may not hold in some situations
while Corollary 3.2 can be applied. We end this section with an example illustrating
such a situation.

Example 3.4 Let f : R — R be defined by
f(x) = max{gi(x), g2(x), 0},

where g1(x) = —10x — 10 and g2 (x) = 2x2 ++/x2 + 1 —2 — /2 for x € R. We see
that f is convex continuous,

S:={xeR| f(x) <0} =[-1,1]andext S = {—1, 1}.

Observe that since the Slater condition (there exists x € R such that f(x) < 0) is not
satisfied, Corollary 2 in [28], Proposition 3.1 in [30], and Corollary 3.5 in [34] are out
of use.

On the other hand, we have Ng(1) = [0, +00) and

1 1
3£ (1) = co {0, dga(1)} = co {o,4+ 72} — [o,4+ 72] ,

and therefore for t = 1,

1
Ns(H)NS* = {1 0,4+ —|= (0,113 f(D).
s(1) {}C[ +ﬁ} (0, 119.£(1)

@ Springer



Journal of Optimization Theory and Applications

We also have Ng(1) = (—o0, 0] and

df(—1)=co{dgi(—1), g2(—1),0} =co {—10, —4 — %, O} = [-10, 0],

and further that for r = 1,
Nsg(—1)NS* = {—1} C [-10,0] = (0, 1]a f (—1).

Then, by Corollary 3.2, the inequality f(x) < 0 has a global error bound.

4 A Necessary and Sufficient Condition for the PLV Property and
Application

In this section, we provide a rule to calculate the subdifferential set of the pointwise
supremum of convex continuous functions defined on a Banach space. This result
together with the results of the preceding section is applied to investigating the exis-
tence of global error bounds for infinite systems of linear and convex inequalities.

Let f; : X — R, i € I, be a family of proper convex functions, where I is
an arbitrary index set (not necessarily finite). For each x € X, we define F(x) :=
sup; ;1 fi (x)} and the set of active indices at x is

I(x):={iel] filx)=F)}. (30)

We always assume that the sup-function F(x) < +oo forall x € X.

Definition 4.1 The family { f;};<; is said to have the Pshenichnyi-Levin-Valadier (PLV
in short) property at x € domF', if

IF (x) = co< U af,-(x)) 31)

iel(x)

(under the convention that | ;4 9 fi (x) = ©).

Remark 4.1 (i) This definition was introduced and studied for the particular case
where X is a finite dimentional space in [32] and investigated to locally con-
vex Hausdorff topological vector spaces in [29]. When [ is finite and each f; is
continuous, [27] provided the sufficient condition for (31) in finite dimentional
spaces. At the same time, [41] also obtained the weaker conclusion in which the
right-hand side of (31) is replaced by the closed hull itself in topological linear
spaces. Further details (PLV theorem [27, 38, 41]) can be found in [32].

(i1) It is known that, in general, (31) does not hold when [ is infinite. On the other
hand, for each x € dom F we always have

8F(x)200( U 8ﬁ(x)>.

iel(x)
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Hence the family { f;};c; has the PLV property at x € dom F if and only if

aF(x)gco( U 8ﬁ(x)>.

iel(x)
To study the PLV property, we need the following definition.

Definition 4.2 Let D : X = X™ be aset-valued mapping and x € X. Then D is said to
be upper Kuratowski semicontinuous (uKsc, in short) at x if the relations (x) )yca — x,

x5 € D(xy) and (x})jea s x imply x* € D(x), where (x;)ea — x (resp.,

w* .
(x;)rea —> x™) means that the net (x;)ec4 converges to x with respect to the norm
topology of X (resp., (x})rea converges to x* with respect to the weak™ topology of
X*). We say that D is uKsc if it is uKsc everywhere in its domain.

The above notion of upper Kuratowski semicontinuity was considered for the spe-
cial case of X = R” and used to investigate the PLV property in [32].

Next we recall (cf. [44, p. 286]) that a set-valued T : X = X™ is called locally
bounded at x € X if there exists » > 0 such that 7 (B(x, r))) is a bounded set. Before
deriving the main result of this section, let us present two useful results.

Lemma4.1 Letg : X — RU{+400} be a convex lower semicontinuous and x € domg
and let (x;, x;) € gphag for every A € A. Then:

(1) [44, Corollary 3.11.16 (1)] g is locally bounded at x if and only if x € int(domg).

(ii) [44, Theorem 2.4.2 GxX)] If (x;)rea —> X, (X} )rea w—*> x* and the net (X} )y is
norm-bounded then (X, x*) € gphdg.

Observe that Lemma 4.1 (i1) 1s a sufficient condition for the upper Kuratowski
semicontinuity of dg. Interested readers can find related discussions in [4].

Now we are ready to present a necessary and sufficient condition for the PLV
property as follows.

Theorem 4.1 Let f; be convex continuous for everyi € I and let x € X. Let

D(x) := co( U 8f,-(x)>f0rx € X.

iel(x)

Assume that 1 (z) is non-empty for all z in a neighborhood of x. Then, 0 F (x) = D(x)
if and only if D is uKsc at x.

Proof We observe first that there exists » > 0 such that /(z) # ¢ for all z € B(x, r).
Furthermore, under the assumptions that f; is finite and continuous at every z €
B(x, r), we can apply [44, Theorem 2.4.9] to get 0 f;(z) # 0 for every i € I(2).
Therefore, one has D(z) # .

[<=] Suppose that D is uKsc at x. Since D(x) C 9 F(x) always holds, it remains
to show that 3 F(x) € D(x). Assume to the contrary that x* € dF(x)\D(x) exists.
Clearly, D(x) is convex. Furthermore, it follows from Definition 4.2 that D(x) is
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weak™*—closed. Applying now Theorem 1.1.5 in [44] (the separation theorem of two
convex sets), there is 4 € X'\ {0} such that

(x*,h) > sup (x*,h).
x*eD(x)

As x* € 9F(x) and a well-known formula for F’(x, h), one has

F'(x,h) > sup (x*,h)>(X* h)> sup (x*, h). (32)
X*€F(F) x*eD(¥)

On the other hand, let (t3);e4 — 0T. Without loss of generality, we can assume
that forall L € A, x + ,h € B(x,r), i.e., [(x + t,h) # @. For any i) € I(x + t,h)
and x} € 0 f;; (x +1t,h) € 0F (X + t,h), we have

—lx(x;, h) = (x;:, xX—x4+tnh) < F&x)— F(x+th),

and therefore

(X, h) > Foo+ ”z) — P (because £, > 0). (33)

Since I(z) # ¥ for all z € B(x,r), we obtain that B(x,r) C int(domF’). This
together with the lower semicontinuity of F implies that assumptions of Lemma 4.1
(1) are fulfilled. Employing this lemma, one has that d F' is locally bounded at x. Thus
we can assume that 0 F'(IB(x, r)) is a bounded set, that is, there exists R > 0 such that
dF(B(x,r)) < B*(0, R). By Alaoglu’s theorem, B*(0, R) is compact in the weak™
topology of X*, and since

x} € dF (X +t,h) € dF(B(X, r)) € B*(0, R),

without loss of generality, one can assume that (x})ea ~5 ¥*. Now letting
(t:)rea — 07 in (33) and using (32), one gets

(F* h) > F'(%,h) > sup (x*,h). (34)
x*eD(x)

However, since (¥ + f,h)iea — %, (X1 )iea —> &%, x5 € 0f;, (X +1,h) € D(X +
t,h) and D is uKsc at x, we obtain that x* € D(x), which contradicts (34). Therefore,
one has

IF (%) = D(%).

[=] Suppose that I F(x) = D(X). Let (xp)yea — X, x; € D(x;) € 0F(x) and

(x)rea 2, %*. We claim that ¥* € D(x). Indeed, without loss of generality, one can
assume that the net (x;),ca C B(x, r). As indicated above, d F (B(x, r)) is a bounded
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set, and hence the net (x})xec4 is norm-bounded. This means that all assumptions of
Lemma 4.1 (ii) are satisfied. According to this lemma, one has (x, x*) € gph 0 F, and
so x* € dF (x) = D(x). Therefore, D is uKsc at x. The proof is complete. O

Remark 4.2 Theorem 4.1 is an extension of Theorem 3.7 in [32] since R” is a special
case of general Banach spaces.

Now we apply Theorem 4.1 to study the theory of error bounds. Let f;,i € I, and
F be as in the first paragraph of Sect. 4. Consider the convex inequalities system:

filx) <0, Viel. (35)

Definition 4.3 The system (35) is said to have a global error bound if there exists a
real number T > 0 such that

d(x,Sr) <tFy(x)forallx € X, (36)

where S = {x € X | fi(x) <0, Vi € I} and F;(x) := max{F(x), 0}. We also
denote by tyin the infimum of all error bound constants 7 satisfying (36).

The following proposition is a characterization of global error bounds for the system
(35).

Proposition 4.1 Let the family { f;}ic; and D be as in Theorem 4.1. Assume that for
all x € bd Sf, D is uKsc at x and 1(z) # 0 for all 7 in a neighborhood of x. Then, the
system (35) has a global error bound if and only if there exists T > 0 such that for all
x € bd S, the following condition holds

(0, 71e0( User 0/i(0)  ifF(x) =0 and 9F (x) # 0,

Ns.(x)NS* C A :=
0 F(x) otherwise.

(37)

Proof Since F is lower semicontinuous, the solution set S is closed. Moreover, by
Theorem 4.1 we have

IF (x) = co( U af,-(x)> £, ¥x € bd S. (38)
iel(x)
By setting f := F, the conclusions come now from Corollary 3.1. O

Next we apply the system (35) to a more simple situation. Consider an uncertain
linear inequality system in the form:

xeR a'x—b<0, (39)
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where a | represents the transpose of @ € R” and b € R, which are uncertain data.
Like the traditional approach used in Robust Optimization to treat data uncertainty,
we assume that (a, b) belongs to the compact subset U of R"*!. Then the system

a'x—b<0, VY(a,b)eU, (40)

is called the robust counterpart of the uncertain linear inequality system (39). We
denote by Sg the solution set of the robust system (40), i.e.,

Sg={xeR"|a'x—b<0, V(a,b)eU).
For each x € R, we set
fr(x) :=max{a'x — b | (a,b) € U}

and
Ux) ={(@,b) €U |a'x b= frx)}.
The following definition was introduced and studied by [8, 9].

Definition 4.4 The uncertain linear inequality system (39) is said to have a robust
global error bound if the system (40) has a global error bound, i.e., there exists t > 0
such that

d(x, Sg) < T max{fg(x), 0} for all x € R".
Definition 4.5 Let C be a convex closed subset of X. The end set of C is defined by
E[Cl:={zeC|tz¢C, Vt > 1}.
Observe that 0 ¢ E[C]. The above definition, without the closedness of C, was first

proposed in [46] and has been further studied in some papers, e.g., [21, 22].

Lemma 4.2 Let C be a convex closed subset of X. Suppose that there exist k > 0 and
x € X such that O # kx € C. Then we have:

(1) If M :=sup{t >0 |tx € C} <oothen Mx € E[C].
(i1) If, in addition, C is bounded then ) = E[C] C bd C.

Proof (i) The proof is similar to the proof of Lemma 2.2 in [21]. However, we prefer
to give the details for the sake of readability. Since 0 # kx € C, the set {r > O |
tx € C}is nonempty. If M < oo, there exists an increasing sequence {z,} such
that lim,, . 1, = M, t,x € C and

lim t,x = Mx € C.
n—oo

Then by the definition of M, one has tMx ¢ C for all + > 1, which implies that
Mx € E[C].
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(i1) If Cisboundedthen M :=sup{t > 0| tx € C} < c0.By(i),onehas Mx € E[C],
i.e., E[C] # (. Let z € E[C] be an arbitrary element. If z € int C, there exists

r > Osuchthat B(z, r) C C. Note that z # 0. Since ”(1 n m) Z— ZH —r<r

we get (1 + m> z € C, which contradicts z € E[C]. Hence we must have
E[C] C bd C. The proof is complete.

O
We are now ready to derive important special cases.
Corollary 4.1 For the system (39), the following statements are equivalent:
(1) The system (39) has a robust global error bound.
(i1) There exists T > 0 such that for all x € bd Sg,
Ns,(x) NS* C (0, t]co{a | (a,b) € U(x)}. 41)

(ii1) There exists T > O such that for all x € bd Sg, the following conditions hold:

(iii1) Nggp(x) = [0, +o00)cofa | (a,b) € U(x)};
(iii2) d (0, E[3 fr(0)]) = L.

Proof We will prove the equivalence of the above three statements following the
diagram: (1) < (i1) < (iii).
(1) < (i1). For each (a, b) € U, we set

i:=(a,b) and f;(x) :=a'x —b, xeR"

First we show that for all x € R”, U(x) # ¢ and the function D : R” — R” given by
D(x) := co{a | (a,b) € U(x)} is upper Kuratowski semicontinuous. Indeed, since
U is compact, U (x) # (). Moreover, we get from Theorem 4.4.2 in [19] that

dfr(x) =cofa | (a,b) € U(x)} # ¢ forall x € R". 42)

Then Theorem 4.1 tells us that D is uKsc on R". Moreover, fgr(x) = 0 for every
x € bd Sg since fg is continuous. Therefore we can rewrite the relation (37) as (41),
and the conclusions follow then from Proposition 4.1.

(ii) = (iii). Assume that (41) holds. Take any x € bd Sg and 0 # x* € Ny, (x).
Clearly,

x*

e © N, (x) NS* € (0, t]cofa | (a,b) € U(x)}.

Thus x* € (0, +00)co{a | (a, b) € U(x)}, i.e.,
Nsp (x) € [0, +o0)cofa | (a,b) € U(x)}.

@ Springer



Journal of Optimization Theory and Applications

Note that 9 fgr(x) € Ngs,(x) dueto fr(x) = 0. Moreover, since Ng, (x) is a cone one
has

[0, +00)3 fr(x) S Ngg (x).
This together with (42) implies that
[0, +00)cofa | (a, D) € U(x)} S Ngg(x),

and hence (iii1) holds. Next, we prove that (iiio) is satisfied. Observe first that d fr (x)
is closed and convex. We can now assume without loss of generality that

d(0, E[3 fr(x)]) < 400, ie., E[dfr(x)] # @.

For each y* € E[0 fr(x)], we have by the definition of the end set that y* # 0 and
y* € 9 fr(x). Since 9 fr(x) € Ngg(x),

*

Y
1yl

€ Ng,(x) NS*.

It follows from (41) and (42) that there exists [ € (0, t] such that l”yy—i” € d fr(x). Then,

by Definition 4.5, we must have m < 1, which immediately leads to || y*| > % > %
Consequently,

1
d(0, E[0 fr(x)]) = ot

i.e., (iiip) is fulfilled.
(iii) = (ii). Take any x € bd Sg and any x* € Ng,(x) = [0, +00)co{a | (a,b) €
U (x)} such that | x*|| = 1. Then, by (42), there are u™ € 9 fg(x) and k > 0 satisfying

*

X
uw=—c afR(x).
k
Further, by the boundedness of d fr(x) one has
M :=sup{t >0 |1x* € 3 fr(x)} < +o00.

Therefore all assumptions of Lemma 4.2 (i) are satisfied. Applying this lemma, we
get

Mx* € E[3 fr(x)] C 9 fr(x).

Since M > 0 and x* # 0, Mx* € (0, 119 fr(x) and hence x* € (0, 17| 3 fr(x). On
the other hand, by (ii), one has

1

M = |Mx*| = d(0, E[d fr(x)] > -
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Thus we obtain that x* € (0, ]9 fr(x), i.e., (41) holds. O

Remark 4.3 Observe that the equivalence of (i) and (iii) in Corollary 4.1 can directly
be deduced from Theorem 3.7 of [32] and Theorem 3.2 of [22].

For each x € X, the projection of x to C C X is defined by
Px,C):={xeC| |x—x|=d(x, O)}.

When X is reflexive, the existence global error bounds for the system (35) can be
characterized by the projection of the origin onto the convex hull of the subdifferentials
of functions corresponding to the active indices at given points as follows.

Proposition 4.2 Let each f; and D be as in Theorem 4.1. Suppose that for all x €
X\SF, D isuKsc at x and 1(z) # 0 for all z in a neighborhood of x. Suppose further
that X is reflexive. Then, the system (35) has a global error bound if and only if

p::inf{llu*”lu*:P 0.col | a0 ,xeX\SF}>O. 43)
iel(x)

Moreover, if an error bound for the system (35) exists then Ty, = %

Proof By Theorem 4.1, we have

IF (x) = co( g 8ﬁ(x)> £, Vx € X\ SF. (44)

iel(x)

Observe that since X* is reflexive and d F'(x) is convex and weak*-closed, by (44) and
Theorem 3.8.1 (i) in [44], for every x € X \ SF one has

P(o, co( U 8f,-(x)>) £ 0. 45)

iel(x)

[=] Assume that the system (35) has a global error bound, i.e., (36) holds. It follows
immediately from Theorem 2.6 in [2] that

|
inf{llx*ll | x* € aF(x), x € X\SF} > -
T
This together with (44) implies that
inf{||x*|| | x*eco( L aﬁ(x)),xeX\SF}>o, (46)

iel(x)

and hence (43) holds.
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[<] Let any 7 € (%, +00). We claim that for every x € X\SF and every v* €
CO(UieI(x) 8f,~(x)>,

* > —.
T

Suppose on the contrary that there exist xo € X \ Sg and w* € co( Uiel(xo) d fi (x0)>
such that ||w*|| < % Take any u; € P(O, co( Uiel(xo) aﬁ(xo))>. Then one has

1
p = llugll < llw*|| < -

a contradiction. Consequently, (46) is fulfilled. Then by (44), one has

1
inf{llx*ll | x* € 0F(x), x € X\SF} >
T

We now use Theorem 2.4 in [25] to get the conclusion.

[Computing 7, = %]. Suppose that the system (35) has a global error bound. As

1

. . 1
seen in the proof of the first part, we have p > =, 0r equivalently, T > rE On the other

hand, for each ¢ > 0 we can find T > 0 such that % <7< % + €. In the proof of
the sufficient part, we showed that the system (35) has a global error bound, i.e., (36)
holds for this 7. Letting ¢ — 0, we have 1y, = %. The proof is completed. O

Remark 4.4 When applied to the particular case, where X = R”, [ is a compact
Hausdorff space and each f; is an affine function, Proposition 4.2 implies Proposition
3.21n [9].

5 Conclusions

This article shows how to deal with convex functions without lower semicontinuity
in the framework of the theory of global error bounds. After providing necessary and
sufficient conditions for the existence of global error bounds for a convex function,
we give a description of the subdifferential of the supremum function of an arbitrary
family of convex continuous functions. The obtained results are applied to derive
characterizations for the existence of global error bounds for infinite systems of linear
inequalities.
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